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Configuration Space: 3D
Phase Space: 6D

Transverse: Dynamic Aperture (ring)
Longitudinal: Momentum Acceptance (ring)




Dynamic Coordinates

°
=

o py f;_ﬂsf
° 7z = % — ct. Different definition in different code. Here we follow Wolski (MADX?). In the note, maybe
we don’t keep same definition. (Sorry!)

¢ Instead of p, ~ g—i, p:=0= %. Since 6 nearly constant along the ring.

Drift (Wolski)

Hasife (X, Px, Y, Py, 2,6;5) 0 \/<5+ 1>2 p: —pj ! @)
drif 7 'Y 74,0, = =0 = e - - — 5
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Linear Approximation of Drift Map

2 p§ 52

Px _
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With K; = ;’—0 . H(Wy,
K
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Px Py g Ki,» 2
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Linear Map:
sin
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—+/Kisin cos
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M = VK . 6
Quad V/Kisinh cosh ©)
_L_
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The parameter of sin, cos, sinh, cosh is /K; L




It is well known that focus strength will be reduced for higher energy particle. This is not linear effect.
If only taking 2nd order approximation of py/py, but kepp exact é terms,

2
P2 P8 Ki, 2
Hp = Z Dyt L (- 7
Q 2D5+2D(5+ﬁ0 +2<x y)' ()
where Dy = /1 + /23%—1-52.
The transverse transfer matrix with chromatic effect,
sin
0s JKiD;
—4/K{Dssin  cos
cosh it ®
VKD

\/K{Dssinh  cosh

where Ki = g—; and the parameter of sin, cos, sinh, cosh is 4 /KiL.

RF Cavity

A Pillbox Cavity, TM010

E. = Eo - Jo(kr) - sin(wt + ¢p) ©)

I§

By = 70 - Ji(kr) - cos(wt + ¢p) (10)
where w ~ 240483 - ¢ and k = ¢ = 24083 ;5 radjus. Reminder: J;(2.40483) = 0.
The vector potential i is

I§
= (O, 0, ;0 - Jo(kr) - cos(wt +4>0)> (11)

With z = }5— —ctand wt = F — kz, Hamiltonian of Cavity is
Heav = Harift — Pio "As, 1= \/m (12)
Hcay depend on s!

For a simplified model, take average of Hcay Over cavity length,

+L/2
cav = L/ Heay ds

1 q ZEOIBQ . k
= Harift — L'p ok (2[3 - Jo(kr) - cos(¢o — kz) (13)
Ey
= Hauin — o T Jo(kr) - cos(fo — kz)
sin(%)
where transit time factor T = —72
2By




Kick approximation.
L — 0, but Vi = EoLT keep constant.

(HyeawL = ~ 5 Eo L= T Jo(kr) - cos(gy — kz)
= — g Vit Jokr) -cos(g — kz) (14)
~ —ﬁ - Vg - cos(¢po — kz)

Approximation of small transverse amplitude is used in above equation.

2nd order approximation.

cos(¢pp) - k?z2

<H>cavL — —% . Vrf 0 COS(47()) —+ sjn((PO) ckz — 5 (15)
The change of 6 through the RF cavity is
a(<H>CaVL) q . q
= = = a == _° . _ . . 1
A6 9 Poc Vit - sin(¢o) Bt Vigk cos(¢po) - kz (16)

We could also get the map with finite L and truncate (H) with 2nd order approximation. See Wolski’s book.

Change of reference momentum.
The reference momentum after RF cavity is not changed before. We could also change the reference momen-
tum Py — P;. (CEPC). In this case, the conjugate momentum should be changed.

Recall
mc
pX,O = ﬁxl;yo 7
S _E 1 4
T Py Bo
We have

Px0-Po = px1-P1
P05 1 Y0

0 = 00— ——
TR B Bm
Matrix representation:
X - x 0
7 0
Px Py ] Px 0
vyl = Yy
= P + (19)
Py IT? Py 0
z 1 z . 0
S S (VI
0/ 11;(1] 4/ Bt Bim

For example, if ref momentum at s is determined, we could recalc the phase space coordinates with the
local ref momentum. This could help “reduce” the number of (px, py, ). Small number is often preferred
especially approximation is used.




The above transformation is non-symplectic.
How the emittance and Twiss function change with the reference momentum?
2
5= (@ M=% <x”">> = ( P _""‘)e 20
< ) (<xpx> <p92c> —Q&x  Yx * )
With
e P (TN B S DR o o1 (21)
1= 0 — 0 PO/Pl 0/ 1= 0
P
_ ,BxO —p2lx0
( Pu aﬂ) €x1 = P P 2 €x0 (22)
&1 Tx _F?“xo (IT?) Yx0
_ & = 23
Ex1 = ITl “€x0 = P171€x1 = P0Y0€x0 (23)
Bx1 = B+ - Bxo
— § Ky1 = &y0 (24)
Yx1 = %[1) *Yx0
example: CEPC Twiss function

h = % is the curvature of reference trajectory.

Normalized field strength ko = PiOBO
Sacled vector potential: @ = Ploz?\ = (0, 0, —kox + %)
Approximated Hamiltonian (2nd order):

2 2 2 2
pz Py ) ( < 5)) kohx
Hy=224 Y4 +lko—h(1+—))x+ : 25

2T 2 T2 T opy 0 Bo D (25)

With h = kg in most cases, the transfer matrix:

cos (L) psin (L) fi (1= o0 (£)]

—sin (%) /p cos (%) %sin (%)

1
0
~wein(§) & [1-es(3)] ©

For h # kg and with k1, see Wolski.

(26)
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Path Length

Trajectory:
7(s) =7o(s) +x2 +yy (27)
Length of trajectory:
7{ |d7(s)| = ?{ sds + x'%ds + Zdss + y')ds
S } (28)
= ?{ds\/(l—l— P4 x2+y?x C—l—fdsf
P P
The path length difference of closed orbit
AC — f xcop(s) ds
p(s)
Considering the cod induced by dispersion:
AC =6 }f (6] 5 (29)
p(s)
AC 1AC
T =Kk o k=5 0
Momentum compaction factor:
1 1 D(s)
—— 1
" Cfp(s)ds @31)
Consider a storage ring which contains a horizontal kick with angle 6 at 5.
COD caused by this kick induces a change of orbital circumference:
Xcob
AC:?{ds — 0. D(sp). 32)
p(s) ( 0)
D is the dispersion.
With RF systems, AC has to be compensated by an adjustment of energy
1 AC 1 6-D(sp)
Ab=—-——=————=
a. C K¢ C (£2)
A more accurate COD formula:
_ gV B(s0)B(s) N N _ gD(s0) - D(s)
xcop(s) =0 STy cos(rtv — |(s) — ¢(so)|) — 0 . C (34)




Symmetric DBA (ref S.Y. Lee)

Dusi
ae = LL [9 —sinf + 0siné + Dj(1 — cos )
o : (35)
p9 1 Dy DO
= 2+ +22)+...
L, \6 L6 20
where
* Dy, Dj: entrance of dipole
* Ly: half length of DBA
* p: bending radius, 8 = L/p, L: length of dipole
With Dy =0, Dy =0,
38 3 2
6Ly,  6CO/(2w)  6R
. could be negative.
Basic Longitudinal dynamics
The potentail well term of Hamiltonian contributed by Cavity,
Heay = — o Vit - cos(go — k2) (37)
We ignore the length L in the following.
Sine we follow Wolski define - i e
- - _ - _E7x
N P[)C /30 P()C (38)
And the momentum deviation Pr
_ =P
op = B 39)
we have
dé
= = Bo
Aoy |5, o
’ (40)
d 8 d
= =By —
A¢ through RF cavity
oH q . z
Ad = T T Poc Vg sin(¢o — wyy - E) (41)
Considering energy loss Uy due to SR, Ad in one turn,
— 1y sin(g—w - 2) — 0
NS = Poc Vrf Sll‘l(([)() Wy f C) Poc (42)
Take the average in the whole ring
as  qVir . z Uy
= = . — el 4
ds CPQCO Sll’l(4)0 wrf C) CPOC0 ( 3)




With momentum compaction factor

1 dcC 1 /CO flx
Ny = — — = = ~—ds 44
P Cy doby 5,0 Colo p (“44)
Phase slip factor
C
T = ring
14T _1dC_1dp
Tds, Cds, pds, (45)
1 dT 1

Ty = 7 35~ Xp —
P T dsy 8p=0 b

«p is the property of lattice.

Change design momentum of lattice, magnet strength is scaled and &}, will keep unchanged.
Yo the design beam energy

Transition energy:

1
p=0 = 9r=—— (46)
P /rcp
With z = ﬁi —ct,
0
ats =spand t = ty,
after one turn back at s = s¢, t = ¢y 4 T (no dispersion at sy
Nz = & —cT (47)
Bo
We have ) T 14T C
z
56 BY) Cd5 C,B()d(sp ,B%Up ( )
Average Az over the ring,
dz 1 T 1 1
ds  Bo PoTo Bo Teo %W )




dz
Combine £ e % and 7o we get

d2z_ 1 . dé
W= TR s

. 1 quf . z 1 Uy
B ﬁ_% e cPyCo sin(go “’rfE) + ﬁ_% iy cPyCo

If po = ¢s, sings = #—rf’f, take the first order approximation of z in RHS,

& 1 quf @rif

= 1
ﬁ%cPOC c Npcos¢s -z =0 (51)

= longitudinal tune

B CO 1 qVip wip 1 149V
Vs = " B2cPRCo c "Ip €05 fs = 27 Bo cPy 11y cos s
(52)
1 14 rf
=\|—5= 5= h-npcosgs
\/ 2 B3 E
where w, s = hwy is used.
Hamiltonian of Longitudinal Oscillation
With equation of and the Hamiltonian could be obtained
o TV [ i wrfZ 119
H(z,6;8) = 2P0 { cos(¢ps — : )+ sings(——) 2,8% Hp- 0 (53)
0

o
©
N\

Figure 1: Longitudinal phase space portrait for a synchrotron storage ring (Wolski)

Stable Fixed Point (SFP)
Unstable Fixed Point (UFP)




Vs for arbitrary amplitude

For a specific particle, we have
b4 HQ = H(Z, 5)
* 6 =0, get zyiy and Zyax

e Z= 0, get 5max

With d oH 1 d
fz_on_ - = _ %
Y- 2 npd = ds 4 0 (54)
The oscillation period (in path length) for a particle is the double of the path length which travel from z,;,
to Zymayx 1S
L(Ho) /d 2 [ B (55)
= S = —_az
0 Zmin UP(S(HO/Z)
where
1 qVy f Wrfz 8 Wyfz
= 2. )1 | = . —
8(Hp,z) = \IZ[SO - {wrfpoco { cos(¢s : )| + sin ¢s c Hp (56)
Then the longitudinal tune
__G
Assuming ¢s = 0, (ref S.Y. Lee)
52
v5($) = v (1 - ‘{’—6) (58)

where ¢ = —w,fZmax/c.

Vg (x107)
[+]
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:t
B
|
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Figure 2: The measured synchrotron tune obtained by taking the FFT of the synchrotron phase coordinate is
plotted as a function of the maximum phase amplitude of the synchrotron oscillations. The zero amplitude
synchrotron tune was vs = 5.2 x 1074 (S.Y. Lee)




Small amplitude

qVys Wpfz - WfZ 11 )
S — _ _ —Zn .5
H(z,6;9) 2P0 { cos(¢s : ) + sin ¢s ( c ) Zﬁ%;?p
(59)
~ gV cOS s o _ 1l;7 52
2PyCyc? Zﬁ% b
where the static term has been droped.
We define the beta function
B, — é ] P0C0C2'17p
: 5 q‘/rfwrf - COs 4)5 (60)
_ 1S
- ,30271'1/5
Action/Angle
(l/JZ/ ]Z)?
JA—— § 8(Ho,2)dz = 1 / () 61)
z — 27T 0s - T E 0r

Hj is the number of Hamiltonian of the specific particle.
2nd type of generating function is used for the transformation from (z,6) — (¢, =),

_ an(z,]Z) (P - an(z,]z) (62)

FZ(Z/]Z>/ 5 aZ 7 zZ — a]Z

Since we have

\/ 282
§(Ho,z) = + —(HO—V(Z))-ﬂ— = (63)
14
Bl)= [ & §H(),7) (64)

Zmin
Then we could get the one-to-one relationship between (z,0) < (¢z, Jz)-
Don’t forget

ds dJ;




Locality of RF Cavity

Recall that map through RF cavity

. q . z 9 :
AS = @V,f sin (¢s — wrfE) - @Vrf sin s (66)
Map through arc
Az = R56(5 = _%7P5 (67)

The linear map around the entrance of the cavity,

905 om0
) in 0 1 —%V,fcoscps%f 1)\s/,

Conpwrr gV, @ (68)
_ 1+%ch€os¢s —ﬁ—gﬂp z
—LZ1V, ¢ cos 1 0
Doc ¢ 'rf (PS L
M _ gL ey (69)
2~ 1T agpye TV o8
The “exact’ tune considering locality of RF cavity is
1 (TtM\ 1 (2715 )?
Us exact = = cos ( > > = Ecos [1 — (70)
The stability condition requires that
1
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3 Selected topics

3.1 RF Phase Modulation (ref: S.Y. Lee)

Only a sinusoidal RF phase modulation is considered
¢ = asin(vy0 + xo)
With
* 1, modulation tune
* g: modulation amplitude
® Xo: arbitrary phase factor
* 0: orbit angle

The Hamiltonian: i
H(¢,P;0) = Evspz + 2v, sin? g + vyaP cos(vmb + xo)

Hy L2l

is RF phase experienced by particle. We assume ¢s = 0 and 7 < 0.
¢ P P yP U

__hfy| _ AP

hm‘evrf)

Reminder: dt - wy = db, vs = 27B°E

(72)

(73)

(74)
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Without Phase Modulation

Action i
J(Ho) = 7 § P(#, Ho)dg 75)
For small oscillation | = 1(¢% + P2).
Tune 3H ]
w() = 57 ~wl-g-) (76)
For the canonical transformation
(¢,P) = (¢,]) Here we use 1 instead of ¢, (77)
The generating function
¢
Ba(¢) = [ P, Ho()dg' 8)
We could do Fourier expansion for P in (¢, ])
P =Y fa(l)e™ (79)
n
and get
3/2
P(IIJ,])%(2])1/2cos¢+%c0531p~~ (80)
Together with (the term in H(¢, P))
Dl || & :ZGn(])ei”‘/’%—lc0521p—£cos41p--- (81)
2) & 2 32
We get
1
Ho(y, ];0) ~ vs] — v ]? (82)
With Modulation in (¢,])
The phase modulation term in Hamiltonian
Hy = vpa/]/2[cos ( + vmb + xo0) + cos (P — v — xo)]
(2))°2 (€
+Um=—5g [cos (3Y + vb + x0) + cos (BY — vmb — x0)] + - - -,
Since P only contains odd frequency (¢, 3¢, 5, ...) (reminder: H; = vy,aP cos(vuf + x¢)), Hy only induce
odd order parametric resonances:
Up:iVs=1:1 or 3:1 ... (84)
In the following, we only consider v, =~ vs.
1 5 vsa g
H(lp,];G)zvs]—Evs] +7] cos(ip — vmb — X0) (85)

14



In resonance rotating frame

to resonance rotating frame:(¢, J) — (), I) With generating function
B, I) = —vmb —xo—m)I, = (86)

X=¢—vwb—xo—m, I=]; (87)

And the new Hamiltonian (time independent)

- 1 a
H(x,L,0) = (vs —vm)I — Evslz - vsﬁll/z Cos X. (88)

A torus of particle motion will follow a constant Hamiltonian contour.
Fixed points of Hamiltonian: _
I=0, x=0. (x=0o0rmn) (89)

Define ¢ = v/2I - cos x to represent the phase space coordinate of a fixed point.

2 LI | LI | L I UL

f_.,=1.03168MHz

I [ | L1 1 1 | |

2=0.02
f ... =R62Hz f__ =245Hz

_2 - | | T I N S [N [N | | I -
—2 —1 0 1 2
X

Figure 3: Poincare surfaces with RF phase modulation (SYLee). The SFPs are g, and g3, and the UFP is g..
Here X = \/ﬁcosxandP = —\/ﬁsin)(
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Measurment of RF phase modulation (S.Y. Lee)

—\/ﬁsin)(

torus. (SYLee) P =

S L L z_"“|""|“"""_
1= —_ C ]
Al
-1 —; P r ]
= o -
1f— i i ]
¢ o W\M ~1 -
1E\|\1‘1\|| ||1\|\||LE _2_||\w|||\||\\||‘|||\_
0 2000 4000 6000 -2 -1 0 1 2
Turns (x10)

Figure 4: Left plots in normalized off-momentum coordinate P and the phase ¢ vs revolutions at 10-turn
intervals. Right plots: the corresponding Poincare surfaces of section. The solid line shows the Hamiltonian

3.2 RF Voltage Modulation (ref: S.Y. Lee)

7 < 0and ¢s =0
Normalized phase space coordinates (¢, P)

Vs

Vs =
The dynamics equation:

9
do
dP

E:

With RF voltage modulation:

P= —Mdp

h|17|€V,,f
2nB?E

%

= VsP

-
7]

Vs sin ¢

= $+vising=0

AVf =b- Vrf sin(vy0 + x)
= ¢+ v2[1+bsin(vmb+ x)]sing =0

AP
(‘SP P—o>

(3.114)

(90)

o1

92)

(93)

(94)
(95)
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Linear approximation with sin ¢ ~ ¢ (Gennady)
In linear approximation with sin ¢ = ¢, reduces to Mathieu equation (frequency is time-dependent),

¢+ v2[1+bsin(vud+x)] ¢ =0 (96)
For small b, oscillations become unstable if ;’—; is close to 7 (n is integer),

21/ 1
Sy 2

5 Vs, ... 97)

Vm = 2Vs, Vs,

|

25

TTTT

20

L5

Qv

1.0

TTTT

05 —_—

— ! N ||

0oL v v

Figure 5: Stability regions for the Mathieu equation as functions of amplitude modulation & = b. The stable
regions are shadowed. Q)/v = vy, /vs. (Gennady)
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Slow variation of wy(t)
i+ wy()x=0 (98)
In time w, 1 the relative change of wy is small,

dwo

dt

—2

w; <1, (99)

a solution as a real part of the complex function () is given by

E(t) = A(t) exp (—i /0 o)t +i<p0> : (100)

A(t) is the slowly varying amplitude of the oscillation, ¢ is the initial phase. Substituting this into equation,
A —2iwygA —iwgA =0 (101)
A is neglected since A is a slow function of time,
= 2wpA+wpA=0
= %ln(Azwo) =0 (102)

=  A%wy = const

—40 =20 0 20 40
1t {

Figure 6: Adiabatic invariance of A%wy: the left panel shows the function wy(t); on the right panel the red
curve shows the quantity x(t)? + %(t) /w3 (t) (which is close to the amplitude squared, A%) while the blue
curve shows the product of this quantity with w(t) (Gennady).
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Parametric resonance due to Voltage Modulation

Perturbed Hamiltonian H = Hy + Hy, with
Hy = 11/ P2 4 v5(1 — cos ¢)
2° ’ (103)
Hy = vsbsin(vy0 + x)[1 — cos ¢|
Fourier expansion of Hj in action-angle variables (i, J),
Hi(y,];0) = vsb Z |G (])| sin(vi — nip — vn) (104)
n=—oo
where x = 0 for simplicity. -y, is phase of G, (]).
Recall that
2 il <§> = LGl T)eind (105)
Only even n exist,
1 1 3 aH] 1 .
~ — I 600 AVe = — ~ —
Go 2]+ 2048] + = Avs i 2vsbsmvme
~ Ly L (106)
Com—glt gl *
~_1p o
Gy~ o J-+ 2048 I°+
If vy = nv,, particle motion can be coherently perturbed by the RF voltage modulation resulting from a
resonance driving term. The system is most sensitive to the RF voltage modulation at the second synchrotron
harmonic.

19



Vm=NnvVg

From (3, ]) (action-angle coordinates of the unperturbed Hamiltonian)
to (1, J) (resonance rotating frame)
using generating function

—(p—Yrg L L N7
Fz_(¢ n9+n+2n)] = )

47=1/J—V7'"9+%+%; J=1. (108)

And Hamiltonian H(¢, J;0) = Ho + H; + %,

Ho($,]) = %VSP2 +vs(1 — cos p)

1 2
~ = — 109
ve] = 7gvs (109)
-1
=vs] — Rl/sfz

Hi($,J;0) = vsb - |Gu(J)| - sin(viub — np — ) + vsb - % - sin(vy,0)
= vsb|Gy(J)| sin [—m/?+ g] + vsh - %-sin(vmﬂ) (110)
= vsb|Gu(])| - cos(nip) + vsb - % - sin(vy,0)

an - Vm ~
%=’ (111)
Then we get
o oF,
H($,];6) = Ho+ Hi + =5
~ 1 = Vm ~

—v.J— — — i 112
vsf 161/5] " J (112)

+vsb|G(])| - cos(np) + vsb - % - sin(vy0)

20



Uy A 25

with time average and n = 2,

S w Vmyz V. Vs, = -
(A, T;0)) ~ (vs = )] = 1 * = JbI cos(2p) (113)
Now (H) is time independent.
Fixed Points:
J= 2bJsin2 =0
(114)
Gy U Vap Vapoooon
P =vs > 8]+4bc0521p

(24)"/? sin(yp—v,,6/2)

0 2 -2
(R1)Y? cos(y-v,0/2)

o
[AV]

Figure 7: Separatrix and tori of the Hamiltonian in the resonance rotating frame. The voltage modulation

amplitude is b =0.05. (S.Y. Lee)

0.00 F

Channel (V)

-0.10 f

-0.15

-0.05 f

04 05 06 07 08 09 1.0 IL.I 12 13
Time (usec)

Figure 8: The beam bunch was observed to split into three beamlets in a single rf bucket. The voltage

modulation amplitude is b =0.05

at modulation frequency f;; = 480 Hz with synchrotron tune f; = 263

Hz. Note that the outer two beamlets rotated around the center beamlet at a frequency equal to half the

modulation frequency. (S.Y. Lee)
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3.3 Harmonic Cavity

Higher Harmonic cavity =
Flatten the potential well =
Bunch Lengthening

* weaken space change
e increase IBS time in light source
e mitigate X-Z instability in e+e- collider

For single RF system (orbit angle 0 as time),

5' _ eV}’f . .
= 2npE [sin ¢ — sin ¢s]

® ¢ is the phase coordinate relative to the primary RF cavity
® ¢ is the phase angle for the synchronous particle
* Vs is the primary rf cavity voltage

For double RF system

e

6= % {V] |:Sil’1(P = Sil"l(P]S:| +V; |:Si1’1(§b25 + %((P = ¢1s)) = Sin¢25:| }

¢ = hlﬂ(s
The Hamiltonian

H(¢,6;0) = %hl’ﬁz + 271’;2]3 {Vl [cos ¢ — cos P15 + ( — P1s) - sin ¢y

+ %VZ |:COS((P25 + %(fP - (Pls)) — COs 4725 + %(4) - ¢1s) : Sin(PZs] }
2 1 1

(115)

(116)

(117)

(118)

22




. _h W . . _ _ [ leviy] :
With h = 2,1 = and in normalized momentum P = o o (vs = 27pPE, » Assuming n <0),

H(¢,P;0) = %VSPZ + Vs {(COS P15 — cos P) + (P15 — P) sin ¢y

) 119)
+ - cosac — os(gac + h(p = 1)) — h(p — gno)singa] |
A flattened potential well requires
%i; =V, {sinq) — sin g5 + % - [hsin(¢ps + h(p — ¢1s)) — hsinrpzS]} =0 (120)
= =t a21)
9*H
Eree vs {cos ¢ + rhcos(¢as + h(p — p15))} =0 (122)
= cos¢pis +rhcosgrs =0 (123)
3
%TI;I =Vs: {_Sin¢_rh2Sin(¢25+h(¢_¢1s))} =0 (124)
= sings +r-h?-singp =0 (125)

Example of harmonic cavity configuration

h =2and ¢15 = ¢ps = 0°

(126)

—100 0 100
¢ (deg)

Figure 9: RF bucket and phase space ellipses for a double rf system with iy /h; = 2 and r = V,/V; = 0.6.
(S.Y. Lee)
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3.4 Nonlinear Phase Slip Factor

With
H="Mto+1mo+... (127)
dp  oH . >
0= 35 = 11(0)-8=hnod +hino (128)
Hamiltonian
1 2
H(¢$,6;0) = =h (170 + 171(5> 52
2 3
oV (129)
+ 37B7E [cos ¢ — cos ¢ps + (P — ¢ps) sin ¢s]
Fixed Points:
(¢,0)srp = (¢5,0), (70— s, —10/171) (130)
(¢, 0)urp = (7 = ¢5,0),  (¢s, =10/ 1)
With vs = | /5ol
in normalized phase space corrdinates ¢ and P = %’?'(5 (‘assuming 19 > 0,71 > 0),
Hamiltonian " .
H(¢,P;0) = Evspz + EVSP3 + Vs [cos ¢ — cos s + (¢ — ¢Ps) sin ¢s] (131)
where y = ;’;Zi .
If |y| > 1, nonlinear phase slip factor is not important, otherwise phase space tori will be deformed.
Two separatrix will cross if
h
s
where y = yr,
T .
Yer = \/27 [(E = ng) sin ¢s — cos 44 (133)
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Example of non-linear phase slip factor.

$<=1500 $,=1800
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Figure 10: Separatrix in the normalized phase space. Left: ¢s = 150°. y = 5 (top), y = y.r = 3.0406 (middle)
and 1 (bottom). Right: ¢s = 150°. y = 8 (top), ¥ = Y = 5.1962 (middle), and 3 (bottom). (S.Y. Lee)
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3.5 Local Phase Slippage (ref: Deng, PRAB 24, 094001 (2021)

One turn map in Courant-Snyder Formalism

M. — cos P, + a, sin P, + B2 sin O,
= —7,sin ®, cos ®, + a, sin ®,

where ®, = 27tvs.
The second moments

5. — <(zz> <z£25>> _ <62,BZ +exHy —ezzxz>
(z6) (&%) —€xtz €27z
€; is the longitudinal emittance.
He = 1xD% + 20D D} + Bx D7
At the middle of RF cavity, the one-turn map (assume no dispersion at RF)

M:(1 o) (1 —;7(:0) <1 0):< 1-knCo e )
kKo1)o 1 k1 k—(5)2nCy 1- 541G

EV, f
B*Eo
In the conventional case,

where k =

- COS ¢ - 271 (1 . harmonic number, Cy: circumference)
Co

b, ~ —wki]CO ,if?]>0
Tl VknGy L ify <0

s My [1G_ 1G
7 5ind®, k @,

(134)

(135)

(136)

(137)

(138)

(139)
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if |17] is small, partial phase slippage may be larger than global.
variation of 8,
partial Rs¢ from sq to s,

2 (Dy(s) 1 >
B¢ :—/ ( — = )ds 140
v == e (140
at position Sjs
F(sj,srp—) + F(srf1,5]) = —11Co. (141)

The transfer matrix
T(sj,srp—) = ((1) F(Si'lsff>)
T(srf—rSeps) = (,1 2) (142)
T(orgs,5)) = ((1) F(SrflJr/Sj))

One turn map at s;,

M(sj) = T(srp+,5))T(Srp—Srp+)T(Sjs5rf-) (143)
- Mlz(S]') L —1Co +F(Srf+rsj) 0 F(S]‘,Srf,) -k
Ba(sj) = snd. Sn o, (144)

More exact longitudinal emittance:

5 sz‘Kg-'P?{ 2(8)
= d 145
“ova aw JIpPRT (143)

where ar = 1/137 the fine structure constant, A, = A/27 = 386 fm the reduced Compton wavelength of
electron, o = J;Uy/2Ey the longitudinal damping constant (J, Longitudinal damping partition).

Example of local 8, and partial phase slip.

25T T 1T 1T LA B L A I 1 T 1 0.3
2F H0.2
15F 0.1
1F 40
Z 055 o1&
- r 2
5 Oor 02S
r Ry
-0.5 4-0.3
-1k 1-0.4
-1.5F 1-0.5
-2t 1.0.6
0 5 10 15 20 25 30 35 40 45

s (m)

Figure 11: The horizontal dispersion Dy, longitudinal beta function f, and F(0,s) of the MLS lattice. In this
plot, the zero-length rf is placed at s,y = O mand V,; = 80 MV is applied. (X.J. Deng)
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3.6 Synchrotron Radiation

With SR energy loss

The dynamics equation becomes

(146)

(147)

—Main RF
With 2HC
—With 3HC

5 4 3 =2

-1
t (ns)

t(.ns)

0 1

Figure 12: Longitudinal acceptance obtained by ELEGANT (NST (2019) 30:113)

Turns
—Acc

Figure 13: Longitudinal distribution during injection (NST (2019) 30:113)
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3.7 Adidabatic Damping

Now Ej, Bs, wo, ¢s, Vo and 17 depends on time t,

B2EswieVy cos ¢s

(Ampl. of T) ( 1 )

1
4

1 (148)
—1
Ampl. of E—E .
(Ampl. o o) o (ﬁgEsw%eVO coscps)
The emittance in (7, AE) will keep unchanged.
reminder: Ag = w, T
In phase space coordinates
z=8—"TPsC
5= LAE (149)
P B E
we have ]
(Ampl. of z) x (Ampl. of 6,) B.E X (Ampl. of T) x (Ampl. of AE) (150)
s=s
In phase space coordinates
2=~ —cr
=3
i AE (151)
B o
we have 1
(Ampl. of z) x (Ampl. of §) B.E X (Ampl. of T) x (Ampl. of AE) (152)
ISES]
3.8 RF cavity at dispersion location
One turn arc map (only x and z) around RF cavity
COS My + o Sin Yy B sin py 0 0
1 —Yx SIN py Cos iy — axsinpy 0O 0
Mg = H 0 0 1 —4C H (153)
0 0 0 1
where
1 0 0 -D
0 1 0 -D
H=1p _p 1 0 (154)
0 0 0 1
The map through the RF cavity
10 00
0100
MCQ’U - 0 0 1 0 (155)
0 0 k1
Vr r
where k = —1 P{Jr;f oS s

The one turn map is M = MgrcMego.
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The eigenvalues of M are A1,1/A1,A3,1/A;, we define

s=A+1/AorAy+1/A (156)
s is the root of the following equation
s2 — [2.€0S py + 208 s + Hksin juy] - s + [4.cos iy cos ps + 2H ksin ] = 0 (157)
Don’t forget
2cosps =2 —knC (158)

Reminder: Hy = v« D? 4+ 20,DD’ + ,BD’2 which ever appear in the diffusion term in the evaluation of hori-
zontal emittance due to SR.
It could be obtained that

s = (cos Ux + cOS ys + %ka sin yx>

. 5 (159)
JE \/(COS Uy + COS ys + E%xk sin yx> — (4 cos piy cos ps + 2H vk sin py )

Consider the case, 7 > 0, we have k > 0. When p, above integer, s would be complex (unstable) if cos py ~
COS Ys.

3.9 Crab Cavity

The map of crab cavity (only consider x and z)

1 0 0 0
0 1 k 0
Merab = 0 0 Ciab 0 (160)
keap 0 0 1
_ evL,rwa,rf
where ke, = — The crab RF voltage
. z
Vi(t) = Vo psin(w qft) = Vi s (161)
The one turn map is
Mquadrf = Mayc - M, f- Merap (162)
Here we assume no dispersion at cavity.
e*# is the eigenvalues of M
2.cos = Cos ys + Cos py £ \/(cos ps — cos piy)? — BxConk?, ., sin iy (163)
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4 Spectrum

¢ Fourier transforms: -
F(w) = [  flpeiear
In this equation j = v/—1 and w is the angular frequency
® The inverse transform is e .
ft) = o /_ Fw)e'dew
¢ The image (wall) current iy has a line density equal to the line density of the beam current 7,

iw(t) = —ip(t) and Iy (w) = —Ip(w)

with an overall minus sign since it is an image current.

(164)

(165)

(166)
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A single particle with constant revolution frequency

* The current of a single, unit-charge particle with a constant revolution frequency w;, is a periodic set
of impulses spaced a time T = 271/ w;, apart

ip(f) = i 3(t — nT) (167)

n=-—oo

¢ Fourier transforming gives

Iy(w) = /_0:0 ib(t)e—jwtdt = /Oo i S(t — nT)e_j“’tdt

—® p=—00
o o
_ 2 e jonT — Z e J2mnw/wy (168)
n=—oo0 n=—00
e}
=wr Y S(w—nw)
n=—oo

Tekironix RSA 3303A y 41:11 Al FREE RUN [SES

Frequency: 499.8037666 MHz NBW: 2,344 kHz LCancel -Back |
Span: 100 MHz (Average) 15/ 15
Input Att: 16 dB Trace 2: (1Off) Save State
£1-20-29. 3640625 MHz Marker: 5288287666 MHz
-32.346 dB (66.05 dBe/Hz) -67.01 dBm (-100.71 dBm/Hz)
-15
dBrm Save Trace 1

Save Trace 2

Save Correction

10
dB/f
Ll LhLLAL AR L] A AALL L ] J,‘W,\"uaﬁ;vn" i Ly .uwwdA
-115
dBrm
Center: 499803767 MHz Span: 100 MHz
:‘Bstart| || BB rsa3z03a « RHE 41 am

Figure 14: Single bunch spectrum obtained by spectrum analyzer (BEPCII).
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Frequency Modulatiuon By Synchrotron Oscillations
* Synchrotron motion modulates the arrival time by
(169)

T = T, cos(wst + )

where T; is the synchrotron oscillation amplitude, w; is the synchrotron frequency and ¢ is the phase

e The current is -
Y 6(t— [nT + 75 cos(wsnT + 9)])

n=—oo
¢ The Fourier transform is
(e}
L(w) =) exp(—jw[nT + 1, cos(wsnT +1P)]) (170)
n=—oo
* With a Bessel function expansion
e*]‘ZCOS@ _ Z ]k e]k (6—m/2) (171)
k=—00
The Fourier transform can be rewritten as
I (w) _ i ]k((UTa)ejk(wsnT+¢_ﬂ/2) —jnwT
(172)

n,k=—oo
2 ejk(tp—n/Z)]k(wra)e—]?nn(w kws)/wy

n,k=—oo

Z O(w — kws — nwy)

n—=——oo

wy 2 k= ”/z]k (W)

k=—oc0
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* For each rotation harmonic there is an infinite number of sidebands. They are displaced from the
rotation harmonic by kws, k = —oo,..., 00 and have different envelopes. The first maximum of Ji is
at wt, ~ k. When |w| < 1/7, only the rotation harmonics, k = 0, are present, and as the frequency
increases more sidebands appear.

1.0
0.8
0.6

Figure 15: Envelope of synchrotron sideband.
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Multiple Particles

With the longitudinal phase space density of the beam p(7,, ), where p1,d7,d is the charge in phase space
area T,dT1,d1y, the longitudinal spectrum of a beam is

0 o 27T .
I(w) = wy Z S(w — kws —nw,)/o Tadra/o dlpp(Ta,lp)e]k‘/’]k(wTa) (173)

kn=—o0

If phase space density is p(7;, ) = po(7a) /27, the beam signal is

) ) 1 27 .
I(w)=w Y, (S(w—kws—nwr)/o T“dT”E/O dppo ()™ T (wTy)

= (174)
=wr Y, 6(w—nwr) /0 TadT200(Ta) Jo(wTa)
n=—oo
If the beam has charge Q and is Gaussian in T with rms bunch length o,
po(ta) = %exp(—rf/w%) (175)
T
and -
I(w) = Quyexp(—w?02/2) Y &(w — nwy) (176)

n=-—oo

The appearance of synchrotron sidebands and azimuthal structure in longitudinal phase space are directly
related.
The phase space density can be written as a Fourier expansion

1 & ;
p(Ta, ) = 7 Z Pm(Tu)elmlP (177)
Substituting into eq. (173),
wr ® o jlktm)y
(w) = - Y S(w—kws — nwr)/o Tad'ra/o dpom(Ta)e Je(w,)
== N (178)
= wy Z O(w + mws — nwy) /0 TadTapm (Ta) Jr(WTa)
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As a specific example, suppose that the beam has a quadrupole perturbation shown in the following figure.

2
0(Ta, 1) = % (1 T Az(% cos(2¢)> (179)

where py is given by eq. (175). Substituting into (178) and performing the integrals

I(w) = Quy exp(—w?d?/2) [ i 8(w — nwy)+

(180)

n=—0o0 n=—0o0

2. 2 [eS) [}
AzwchT ( Z O(w — nwy+2ws) + Z 5(a}—nw,2w5)>1

The envelopes are shown in the following figure with A, = 0.01.

1 00 ..................................................................
10*1 A,=0.01
—— Rotation Harmonics
|--- Sidebands

N\
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