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Coordinate system (2RFRFR)

See the following figure, the design trajectory has a loc ||

-,

curvature p, the path length along the trajectory is s. W
define three right-handed unit vectors (X, ¥, ) .

The position of a particle in this coordinate system is

-

R=rX+7y}, wherer=p+x, x and y are the functiol ~ X
of s. To describe the transverse motion of the partic ; y T
we need two more quantities x’(s)=dx(s)/ds and Efﬁmg" trajectory !

y’(s)=dy(s)/ds. The 4-D space (x, Xy, ¥') constitutes / ’

The deep black circle is not correct, in most

_ cases, it is only valid in a short arc, because p
The bending curvature p>>|x| ( |x| less than aperture s varied with s

the transverse phase space.

of vacuum chamber, far less than its length)

. . . . . d L
Note the particle motion on a circle, velocity will be d—‘z: Vg %: Vg & it is different from vy



Fquation of motion(G&zh 75 FE)
Classical dynamics in magnetic field
=g vx B (1)

p is the momentum of particle, g is the charge of particle,
v is the velocity vector, B is the strength vector of magnetic field

D =1{px.Py.Ds} ¥ ={vyvy s}, B={By,B, Bs},for magnet except
solenoid B;=0

Substitute In eq. (1), C;p——q Vs By X +q s B, ¥ + q(vx By,- v}, By) §

In most accelerator, vy, v, << vs (Comparing the length of
accelerator with aperture of vacuum chamber, the orbit trajectory
angle iIs far less than one rad), so



dp
dt
In a magnet, the energy of a particle does not change(in strictly,
due to synchrotron radiation, the energy will decrease a very small
amount, It Is about several MeV or less, much less than the beam
energy. For CEPC or FCC(100GeV or higher machine), the radiation
effect must be take INto account.)

dp d
dt

Compear with eq.(2), we have

e 29 1
X-component: r-rf<=- my qusB,,

1
y-component: y = my qusBy

s-component will be handed latter. (28 +r6=0)

For high energy accelerator, y > 1, vs nearly speed of light ¢ and vy
~r 0

S - -0dVs By X +qus By Y (2)

myR myR my(¥% + 2105+r85-r0% & + )




In a piecewise constant bending magnet, the strength of the magnet is By, the

momentum of the particle Is
1 quO P

P= v - =
myv, = -

So, we have(note r=p+x)
. _Usp dr__ vgp dx

_p+x ds p+x ds

_d ,vsp dx, _ vsp ,dx,o ds Vsp\p d%x vsPy2r _1 dx\o ﬂzvsp > d%x
7A_ds (p+x ds)__ (p+x)2(ds) dt T (p+x) ds? (p+x) [ p+x(ds) )+dsz] (p+x) ds?
.. %(vsp )2 d?y
Y p+x’ ds?

Simplify it, one can have

p »d’x 1 QB

(5) =- (3)

p+x’ dsz Pp+X MY
Here we suppose the particle moves on the horizontal plane.

In case with magnetic field error 6,, = B,,-B,,, 0, = By the equations of motion
become

_ d?x x __ Q(By—Byo)
x-component:  — il >
d? B
y-component:. = — = Aox (4)

ds? P



Combined-function magnet (4B-&REEk)

Last section, the magnet is a pure function: bending, now we introduce a new
magnet with focusing G

B=B,, y + G(yX + xJ)

aB aBX . N
where G= axy: 5y the equation of motion become
d?x G 1, ~d*y G _ P L
=t (% + E) x=0, s BD y=0, Bp= q Is the magnetic rigidity

The transverse equation of motion can be simplified as Hill equation

0B
u” +K(s)u=0and K, = L%, 1oy L g, =22 1

Bp ox  p?z Bp ' pz 'y Bp dy B
It G=0, the magnet Is a pure bending magnet.

For a pure quadrupole, dipole strength B = 0, p = o0, Bp has no meaning, but
It stands for the particle momentum P




Weak focusing ring (55 £3K)

The up and down pole faces of the bending magnet are not

p 0By
_ Jx B 0x '’ O<r.1 <1 |
If the ring 1s made of a single uniform combined-function magnet,

X and y satisty the following equation
1—n n

0By
parallel, it means —= # 0, let n= -

/) /!
X+ —x=0, + — y=0
p y pZ y
Solving the equations one can get
X = XoCOS 1ns, xoSin 17ns vns vns

cOS —+ V. sin —
Y = Yo 0 Yo 0

It means both x and y motion are stable. The ring Is ca(l)led weak
By_ _Bom

focusing ring. From index n one can get the gradient ¢ = —== - 5



Matrix formalism (FEFEZR)

For a general constant G or K, the x and y motions satisfy
u"+ Ku(s) =0,withu(0) = ug,u (0) =uy

Introduce a vector u(s) ”,(S) , the general solution can be written as u(s)=M(s|0)U(0)
u'(s)

where ,
1
CosVvK — SinVK
( osVKs VK m\/_s>,K > 0, foucusing
—VKSinVKs CosVKs
_ 1 s _ .
M(s|0)=+ (O 1),K = 0,drift space
1
Coshv—K — Sinhv—K
( 0% > vt S),K<0,defoucusing
\\V—KSinhv—Ks CoshvV—Ks

Where the form of matrix describe the motion only on one plane phase space. A general

!/

matrix can be written as M;j,i and j = 1,2,3 ... 6, indexes i and j stand for {x,x,y,y,z,0}.



Thin-lens approximation (3

letl - 0,K — oo, Kl

v=| 1

oS O = O

1/ f

_—o O O

F

focusing magnet

1
f

1

)o

0
1
0
0

1/ f

_— e O O

#ﬁ% ¢ 'ﬂﬁl)

= % f is the focal length(f >0), the transfer

1 O 1 0
matrixes are fo:(_l 1), M, = <_

defocusing magnet



Sector dipole and rectangular dipole ()

[ cos@

—siné/ p
MS: O

N 0

1 psind

0 1
M= |0 O

0 0

psind 0 0)
cos@ 0 O
0 1 p6
0 0 1)
0 0
0 0
0
1—6tan— 0
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Sector dipole and rectangular dipole are different because they have different
edge focusing effects.



Mirror image system(5fR R &)

Transfer matrix of serries magnets satisfy the conditions are If
xo =1, x,=0, then x; =1, x;=0, and if x, =0,x,=1, then x;=0, x;=-1

xo) B (m11 m21) (xo)
xo/  \Myy Moy \x;
With the conditions, one can solve out my{=1, m4,=0, m,4=0,

m,, =-1, the 1d mirror is((l) _01) and the 2d and 3d mirror as

Let the matrix form satisty (

1 O 0 O o0 o

l 00 0 O -1 0 O o0 o0

following | =1 ¢ 9| and 8 8 (1) 0 8 8
0 0 1 0

O 0 0 o0 1 0

O 0 0 -1 o 0 o0 O o0 -1




Chain of transfer matrices and map(f& ke FFE5E & B 54)

For the beam line consists of the elements #1, #2, #3, #m, the final

position vector (i”,") and the initial position vector (i}) satisfy the
m 1

following relation

M (mll):Mm Mm—l """ M3. Mz. Ml

If a ring consist of the parts, their transfer matrices are M;, M,, the total
matrix R from 1to 2 is M,.M; or R = M,.M;, M, = R.M{! on the other

hand from 2 to 1is R" = M;.M, = M;.R.M7 ", R" is different from R, but R’ and
R has a relation, it is called as similarity transformations(A8{IA 2 #&).

For the 3d case the rule Is the same. If the m elements are same, the final
matrix is M (m|1) = M{".

The transfer matrix can be represented as a map, Xés): M (s|0) X(sq), where
X(Sp) Is the initial state vector, X(S) Is the state at s. For the linear system, the
map IS equivalent with matrices, but for the nonlinear system matrices do not
work any more, one can use Taylor map, Lie map or even other form to
represent it(for example Poincare section)



> =5 TE

Symplecticity and Liouville theorem (FF0X|4E EE

For a Hamiltonian system, the transfer matrix M must satisty so
called as the symplectic condition.

ggun

)

MSM=S, “~” means transpose of the matrix
(S, 0 0) 0 1

S= 1o s, 0] 2 z(_1 O)’ and M Is a 6x6 square matrix.
005

The symplectic condition Is equivalent to the phase space volume is
conserved, and actually it i1s the Liouville theorem.



Transverse deflecting RF cavity (1 2] % iz

This kind of RF cavity is also called as the crab cavity(#2#hz). It will kick the
beam on horizontal plane by A x’, For a 0 length cavity, its 4D (x, x’, z, §) and
6D (x,x',y,y’,z,8) transfer matrices like as

1 0 00 0 O
1 0 0 O 01 00 £ O
01 k£ O 0O 01 0 0O
0 0 1 0 O 001 0 O
F 0 0 1 0O 00010
k0O 0 0 0 1

Where 6= f)—P,PO IS the momentum of the particle and AP is the spread of the

momentum.OBy the way, this kind of cavity Is often used in collider for
compensating the crossing angle effects at interaction point.



S
—1j

Stability criterion(f2 & 4 #4E)

Consider a linear dynamical system that has a one-turn matrix or map M, after n turns,
the transfer matrix or map will be M™ the stable condition is that when n— o all of
M™ elements are confined. In the theory of linear algebra, we know the a matrix M can
be expressed as VAV, Ais a diagonal matrix, for x motion the form is

A O | | o
(01 \ ) ,A1 and A, are the eigenvalues. For x and y motions, it will have 4
2

A 0 0 0
Eigenvalues, A will be like as 0 4 0 0
0 0 4 0
0 0 0 4
A0 0 0
After n turns, the matrix will be VA™V 1=V o 2 oV
0 0 A" 0
0 0 0 A

The stable motion requires | A;| =1, i=1,2,3,4



Courant-Snyder formalism(C-SHE =)

Hill equation can be solved as the other form solution especially for
K(s) with the period L, if the motion Is stable, the solution Is

u(s) = /eB(s)Cos(P(s) + Yy) (5)

£ 1S a normalization constant called as emittance, y, is the initial
phase at s=0, one can impose the condition Y(0) = 0, and the two
initial €, Y, are equivalent to uy, uy'. B(s) has two properties: S(s)
>0, It has a period L, and it is so called Courant-Snyder formalism,
B(s) is called Courant-Snyder S -function or simply the B-function,
It 1s also called as twiss parameters.



Substituting eq.(5) to the Hill equation, one can get
2 (BB =5B2) = B2W' + B2K = 0 (6)
B’ W' +B"=0 (7)

Integrate eq.(7), and note that (BY’ )'= B’ ¢' + BY”
one can get fY’ = costant = 1, 1 is a most simple constant. We

then have (1) = Ol%

One can define two more functions
_ 1, . 1+oc2(S)

We call a(s) B(s),v(s) and Y (s) the Courant-Snyder functions. p,
Y, € are always positive, and Y is always increase with s

monotonically(E21). Dimensionality of B, €, a, v, ¥ are m, m-rad,
dimensionless, 1/m and radian(3 ) respectively.




From (5), we have

u' = _\/E\%COSNJ‘FLPO)-\/%SW (W + o) (8)
Combined with eq.(5), one can get
pu'+ au= —\/eB Sin (Y + ) (9)

So Bu'+ au can be considered to be the momentum canonical
conjugate to u, u being proportional to Cos(y + ys,).

From eq.(5) and eq.(9), one can get u® + (Bfu’'+ au)?=ef or
equivalently

yu? + 2auu’ + pu'? = e=constant (10)
This constant Is called the emittance of the particle.



Phase space ellipse (F

From eq. (5), the motion of a
particle is completely specified by
two constants the emittance € and
Initial phase WYy. It Is important to
note that the same C-S functions
apply to all particles in the
accelerator regardless of their initial
phase or emittances. C-S functions
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Beam emittance(Rim & 5 E)

So far, we have defined an emittance of a particle. If we have a beam of particles,
these particles have a distribution of values of € and Wy. From eq.(10), the beam
distribution in (u, u') is

W, u')= Yyu? + 2auu’ + pfu'#) (11)

One can normalize ¥ (u, u") according to

[2 duf” du'W (u,u) =1

From Eqg. (11), one can see ¥ (u, u') is independent of ¥, and only dependent to &, so
one can get

J," W(e)de=1

And fooo eW(e)de=¢€rms, Erms 1S the root of mean square of the emittance distribution



Beam distribution moments(Z i3 1 %E)

If we assume the beam distribution¥ (u, u')is a Gaussian
distribution, we can calculate out the second moments as following

<e>=["" du [ du' eW(uu)=y<u?>+2a<uu’>+f<u'?>= 2&.m;
<u’> :f_oooo du f_oooo du' u*W(u,u")=ferms
<uu,> :f_oooo du’ f_oooo du, uu’l_lj(u’u’): ~UErms

<u'?> :f_oooo du f_OOOO du' u'*W(uu")=yemms



Definition of beam emittance(FRii & H EHEX)

fFo”r a distribution W(¢) other than Gaussian, a definition of the rms beam emittance can be as
0 ovvmg

<8>——f du " du' eW(u, )

Erms =

Envelope equation(B14& 7 7%)

d? G(S) E¥ms

+ K(S)G(S) - 03(s)’

this equation is nonlinear differential equation, it is hard to solve except in a drift space

¥ matrix(FR R 2 HI 5B )

: 1~ .
A Gaussian beam distribution can be generally written as exp(—z UAU) where U is the 2n-D
state vector, A is 2nx2n symmetric, positive definite matrix, the'hormalized coefficient has

been omitted. For 2D case there is a simpler form U= (;‘,)
_ 1 (Y & _ —x
A=IT = (0( B) or ATH = I= erms (—Ba Y )
The beam propagates from s; to sy, U,=M(s,| s1) Uy, U,Z;1U,=U,271U;
We know det M (s,| s;)= detM(s,| s1)=1, so det £,= det ;= €2,




Transfer map in terms of C-S function(4&£ 4Bk St HIC- SRR 7R)

We know u(s) = y/eB(s)Cos(Y(s) + ) = a\/ﬁT ) Cosy(s)+ b\/ﬁT ) Sin(s), from
the equation and set Yy =0, one can get a = b \/_uo uo then

u(s) = \/7 [Cos(s) + aoSiniy(s)] uo+\/,30,3(5)u0 Sinp(s)

u'® = [(ao a(s))Cosw(s) — (1 + apa(s))Sind(s)ug + Po_ [CosPi(s) — a(s)SinP(s)]ug
Bob ( B(s)

These expression can be cast in a matrix form
u(s) | — u(so)
() = M (s1s0) (o))

@ (Cosy + apSiny) \ BoB(s)Siny
M (s| so) = (12)

ag—o(s) 1+ocooc(s) Bo_ _ .
7556 SOV T Thpe oW (e (CoSY — als)Sing)

This is the transfer map in terms of C-S function.




One-period map(—> & H B AR &)

One period map means B = By, & = Qg set the phase advance
Uy for one-period, after simplification one can get the map

M (s| sq) = (COSL|J + apSiny LoSiny )
0 —ySiny Cosy — apSiny
2
where y = 1%
Bo
m m
If the map Is (m2111 m;z) comparing them one can get
_ —1 m11+m22 Mmq1—Mjy myq
Y= Cos  Po=mqy/ Sing,ay= 2sine Y = Sinw

(Cos™1is also noted as ArcCos)



The inter-position map

From eq.(11), the transfer map can be expressed in C-S function, in other way, from the relation
equation, one can get the relation of twiss functions from the start to end point

B2 1 1 B1

—2myymy, miq my,
Y2 Y1

2 2
—2Mmy 1My, msyq msy»;

(0(2) mqy1Myy + MMy —MyiMyg  —MypMy; (al)
From this equation, one can get the map for drift

A= 0 — Y18, B2= B1 — 2 &35+ Y15%, Y2= V1

For quadruple

(- 5) oSy (43
B2=1 ([31 )COShZ\/_ IK|s + (&_L) D quad
\ 2|K| 2 2|K]|

The betatron tune in one perlod IS
____J-SO+L ds 1 fﬁ ds
2 2mYSo B(s) 2m7 B(s)
The tune does not depend on the start point sg.




Normal form(FsEiZ =)

Rewrite Eq.(12) as M (s| s¢)= A~1(s)RA(s)
The right side I1s the normal form representation of transfer matrix M.

1

ol B VB(s) 0 Cosy  Sinp
A(s) = a(s) LAT(s) = _ o) 1 'R:(—Simp COSL|J)

3 VE®) JB() B

u
v\ _ u\ _ JB
et (5,)= 4 ()= | g
JB
The matrix A(é) is the transformation from the physical coordinates (u,u’) to
the normalized coordinates (v, p,), it is a canoznlcal transformation, because

detA=1. The emittance can be written as = v* + p,%

In the normalized phase spac?/jv, p,), the particle trajectory will be a circle,
and the radius of the circle Is /€, the area Is Tte




Field error(31= %)

The magnetic field with errors can be written as
B,=Gy + AB,

B,= B,y + Gx + AB,

The equation of motion become

"y K _ AB)’
X x X = Bp
"y Ky = AB,
’ ol _1Bpa G
Where K, = =t 5 K, = 5o WE have assumed there are no electric field

devices In the accelerator. A general magnet error can be expressed In
multiple expansion ABy+iABy = Byg Xm=0(bm + iay)(x + iy)™, By is a

reference field. m=0,1 the field errors will produce linear effects, m=2 the
errors will bring nonlinear effects.



Dipole and quadrupole fleld errors, effects and sources
(—PURkF ’%% ZSNINSE Y
-

vertical orbit distortion Bending magnet roll
Quadrupole vertical misalignment

m=0 by horizontal orbit Bending magnet field or length error
distortion Quadrupole horizontal misalignment
a, linear x-y coupling Quadrupole magnet roll
Feed-down of sextuple with vertical orbit
Sextupole vertical misalignment
m=1 b4 tune shift Quadrupole field or length error
B-function beat Feed-down of sextuple with horizontal orbit

Sextupole horizontal misalignment

Different multipole errors produce different beam dynamical effects. Dipole
errors produce orbit distortions, Quadrupole errors produce betatron tune shifts
and distortions in f —functions. For the dipole, the error fields are AB,= By,ay,
ABy, = B,,oby. For the quadrupole ABx= Byg(a;x + byy), ABy= Byo(b1x —a;y)

29



Orbit distortion(Eh1& 2
Single dipole kick

)

When there are diploe field errors in a storage ring, the beam will
no longer coincide with the design trajectory. Comparing with the
design trajectory, 1t will produce a so-called closed orbit
distortion(COD). When ay #0, there is a horizontal dipole field error,
causing a vertical COD, When by # 0, it will cause a horizontal COD.

A dipole error will produce not only a displacement but also a slope.
For the single kick, after kick COD 1s (Z‘,’)(exit), Before kick the COD
0

IS ( ;0 e)(entrance) after one turn the orbit Is

w \_ (C Si Si wo
(u{,—e) - ( OSLl—Jy-;i?l%J Y Cosq[jo—lgismq;)( ’)

Kt




Solving this equation one can get

p— @Coty’ E_
2 2 2

At other position s, the COD s
u(s) \ _ u
()= M (slso) (32)

If U= 21n, n Is an integer, Cot
the integer resonance.

Multiturn closed orbit(Z Bl %)

If P = Zn%, the particle will return at the origin phase space point

after m turns, there are m points in the phase space. This Is the
multiturn closed orbit.

Ug Uy = —g(OCOCOt 1), uy — 6 = —g(ocoCotllJ + 1)

2

W

P o and therefor uyg = o, and this is




Distributed dipole error and closed orbit bump
(IR ZRIRER FBEBRE)

In reality, digole field errors are distributed and can described as ABx(s) and AB,,(s), the COD

IS obtained by superposition as following
,AB(S’) YN Y EY
u(s) = fSS+L ds Be [;(Si)ni(j ) Cos(mv — |W(s") — ¥(s)|) (14)

Here, AB=—AB,, for x-orbit, AB=AB, for y-orbit.

A most common COD bump consists three correctors. In general, the COD caused by a 3-
bump system is given by

u(s) == As) z O; \/ECOS(T[V — |¥(s) —¥)))
i=1

2Sintv
3-bump means u(s3)=0, and u'(s3)=0, which yields
61\/ECOS(1TV — ¥, + W1)+92\/ECOS(T[V —¥; + ) +63\/ECOS(1TV):O
014/B1SIn(mv — W5 + W) +0,,/B,Sin(v — W5 + W,) +03,/B5Sin(mv)=0

The solution is

. ﬁSln(LP3—‘P1) . &Sln(qu—l'pl)
O2=- 61\/; Sin(W3—-¥3)’ h 61\/; Sin(W3-¥3)




\\/

Orbit correction(iBF 1E)

Consider a circular accelerator with M BPMs and N orbit correctors
around the ring, It M=N, it means all BPM read 0, it Is a perfect
correction. It M<N, it mean the solution Is not unique. So we only
consider the case M= N. The elements of response matrix R;; Is

BiBj
Rij = ——Cos(mv — [§; — ;)

INT

The COD contribution due to the 1-th corrector at j-th monitor is
Ax; = R;j ©;, the matrix R Is determined by the lattice design. In a

matrix form, it js

Ux, 6,

x, 0,
Ax= RC, Ax =| - C =

x,, Oy



Here R matrix is from lattice design. In real machine, there exist different
kinds of errors, the design lattice Is not exact, the measuring matrix Is often
used for orbit correction, and he correction need to repeat several times.
And In some time, we want to emphasize some of BPMs, where are of
more importance, the weight function might be introduced. The |
SVD(singular value decomposition) Is often used for the orbit correction.

Alternating current dipole is often used to kick the beam or some bunches

for many turns, then people measure and analyze response of the beam or
the bunches, it is called as the beam transfer function in frequency-domain,
or Greens’ function in time-domain. From the two functions people can get
a wealth of beam dynamic information.

Consider a 1-D case in horizontal dimension. A static kick Ax' = 6,
the orbit after one turn is TXy, Xy = (g), after many turns

X=Xy+TXy+T*Xy+--=(1—T)"1, where we suppose 8 is very
small, so the beam after many turn’s kick still alive. Now we calculate
1-7)"1



From — (a b) ( d _b): (1 0),one can have that the inverse of (Ccl b) s — ( ’ _b)

ad—bc \¢ d/ \—c a 0 1 d ad-bc \—c a
Cosu + aSinu pSinu 1 — (Cosu + aSinu) —[BSinu
= 2 —_ — 2
T - 1? Sinu  Cosu — aSinu |’ T 1+Ba Sinu 1—(Cosp — aSinu) |

The determinant of 1 — T is (1 — Cosp)? — a?Sin*u + (1 + o?)Sin?u = 2 — 2Cosp

1 — (Cosu — aSinu) pSinu
The inverse of 1 — T is —— 1+a?
2—2Cosp o Sinu 1— (Cosu + aSinu) |
pBSinu Y

L . . 0
0, it is coincide with the formula of corrector uy= %Cot

Xo = (), the COD at the kicker is > —2Coon 2
-B

Another method: matrix T has two eigenvalue e " and e, two eigenvectors are (;;°) and (7).

Cosu + aSinu pSinu oit
- 2 —_ . -1
o T 1+ﬁa Sinu  Cosu — aSinu E ( 0 e‘“) £




_ 1tia i

E=(_’B _'B ) E-1= 2'-8 -2
i+a —i+al “ltie L

2 2

1—T=E(1 O)E_l_E(e—m Q)E_le(l—e-w 0 )E—l’

0 1 0 e 0 1-e™
1
(1—T)_1=Elnv(1_e_m 0 )E‘1=E 1—e
0 1—e 0 _
. 1 — (Cosu — aSinu) BSinu 1—e¥
- 2—2Cosu ( — 1-;;(2 Sinu 1— (Cosu + C(Si?’l,ll))l



For the alternating current dipole, it has a kick 8EY™® at the m-th turn on the beam, the total
effect is

(einup 4+ elm=DoT 4 oilm=-2)oT2 4 ... )XO

1

. . . —iu—i O
=eMmP(1—e T) X, (1—e ¥T) L =E|'° O” v, |ET
1-elh~io
1 0 . 1+ia _i'
_ ( —f —f ) 1-e—in-ig 2 2
i+a —i+ta 0 1 “ltia 1
1—elt—l@ 2B 2

1

(1—e oyt = | 17e77
0




1 1+ix [

_(—,3 - ) 1—e-in—ip 0 28 2
i+a —it+a 0 1 “ltie 1
1—ein—ip 23 2

If @ = 0, It means the kick Is static, it Is the case just before.

If @ i 0, the beam will have a resonance at ¢ = 2mn x u, n is integer

(1 “aip ~ © Of T liu > — ©), This means the frequency of the AC

kKick Is coincide with the betatron frequency. The Ac dipole is useful for
peam diagnostics purposes. The oscillating signal from BPM Is easer to
detect with higher frequency than the static signal with any kinds errors.
n the mean time, the signal can be enhanced due to the resonance
when the AC dipole frequency Is approaches the betatron frequency.




une shift(5#%)

Quadrupole magnet field errors
Cos2Tv + apSin2tv PoSin2mv )

One turn transfer matrix i1s M= ( —ySin2my Cos2Tv — aySin2my

. .. (1 0 .
A thin length quadrupole transfer matrix is (—q 1), a thin length quadrupole

magnet field errors mean that g=0 is no error. The quadrupole magnet field errors could be
equivalent to g#0, The one turn transfer matrix become

1 0
(—q 1) M
B ( Cos2Tv + apSin2tv BoSin2mv )
-~ \—ySin2nv — q(Cos2mv + aySin2mv) Cos2mv — aySin2nv — qfySin2mv

_ ( Cos2mv' + a'Sin2mv’ B'Sin2mv’' ) 14)

—y'Sin2mv’ Cos2mv' — o'Sin2mv’



The twiss parameters change to (a', B, V'), the tune change to v'.
2Cos2mv’

=(Cos2mv — apSin2mv) + (Cos2mv + aySin2mv — qf,Sin2mv)
=2 Cos2mv —qf,Sin2tv

v'=v+ Qv,

2Cos2mt(v+ dv)= 2Cos2mvCos2mdv- 2Sin2mv Sin2mdv

= 2 Cos2mv —qf,Sin2myv

Note Cos2mvCos2ndov~ (Cos2mv, so we have

-2Sin2mvSin2ndv=—qf,Sin2mv or Sin2ndv= qfy/?2.

The tune shift Is Ov = Zﬁ It can be used for calculating ions effect from residual

gas, space charge, beam-beam, lithium lens, electron cloud, and so on.

And from dv = Zﬂ one can get f= @ It can be used for measuring S function.



B-beat and half integer resonances(RH K 5 E 4 H k)

Quadrupole errors not only cause the tune shift but also the f -function beat. The error occurs
at s = sp, Its phase= Y, the particle transfer from any position A to sq then back to A. The
transfer matrix from A to sg is

M (so|4)
\/% (Cos(Yo — Ya) + axSin(Po — Ya)) VBoBaSIn(Wo — Yu)
- Ay — Oy 1+ aya

\/m Cos(Po — Wa) — m Sin(Yo — Yga) \/%(605(410 —Ya) — apSin(Po — Pu)

Then the particle from so go back to 4, the transfer matrix is
M (Also)

73_? (Cos(2mv — (Yo — Yp)) + auSin(2mv — (Yo — Yy)) VBoBaSin(2v — (Yo — Up))
va?f;;,z Cos(Zmy = (Yo = Wa)) — 1\7%0 Sin(2mv — (Yo — Yyu)) g_z (Cos(2mv — (Yo — Yu)) — agSin(2mv — (Yo — Pu))




With the errors at sg, the one turn transfer matrix is
1 O _ (M1 My
MAlso) (Zg 1) M Gold) = (ot )

and my; = B, Sin(2nv + 24 (Cos(2mv) — Cos[2mv — 2(o — Y)]))

From this

Mi2 = BrewSiN(2Tvyey)

= B, Sin(21v) + qﬁgﬁA {Cos(2mv) — Cos[2mv — 2(Wy — YD},

Bnew—B __ aBoBa
B - 2S5in(21v)

here we think Sin(2mvyey ) =Sin(2mnv).

The B function is distorted, the phase is 2y4. It means the frequency is doubled.

one can get {Cos(2mv) — Cos[2mv — 2(Y, — )P},

The amplitude is proportional to g and fy.

This phenomenon is called a f-beat or f-wave.
B'-B

If v=half integer, Sin(2mv)=0, or B’ — B — oo | itis called as half integer resonance.



“||>r

Stopband(Z )

aB
5\}—41T

this equation Is not exact, let's come back to the original equation
2Cos2m(v+ dv)= 2 Cos2mtv —qBySin2Tv,

If g is so big that 2 Cos2nv —qfySin2nv > 2 or < —2, ov will have
no real solution, this means exist a stopband in tune.

The stop band occurs near n/2, and covers only one side of the
resonance, It depends on the sign of g

From this inequation, one can calculate the stopband gap width as

1 1 9P

OV =—Tan
stopband Tr 2



Adiabatic damping (4834BH 2

In order to accelerate the beam, we have to add a longitudinal electric field. The
particles move In a horizontal storage ring under the magnetic and electric fields,

B = (By,B,,0) = (G,y,Byo — Gxx,0), E = (0,0,E,),
The equation of y-motion is ( = v/c,the vertical magnetic force is efcB,)

d dy\ B
77\ oY = | = eBcBy

d — i )y — ﬂ_ d_Y_ /
E—,BC R dt_'BC dS—,ch, d
pc(moBeyy’)’ = eBcBy, where """ means taking —
AV Bx !/ !/ 14} Bx
(Byy")'= ==, then (By)' y'+Byy" — == =0
0 0

We made the transverse focusing and defocusing field like as

P . . .
B,= -—K,y= _Mmochy K,y, this means the beam is accelerated at all time, the

magnét strengths are proportional to the momentum of the particle. This is the
transvers motion.

n/n



dy eE, :
— = E
ds  mgc? g, 5z 154

For the longitudinal motion, the particles are accelerated by E,, then

constant, y =y, + gs, the equation of motion becomes

(— moecﬁy K,y) =0ory"+ —(?;)' y'+ K,y=0,

’«/YZ—l !
/ / y! |4 |4
where B =y2—=1/y,y' =g, = N R R vy

BY) y'+Byy" — =

oC

' o 4 Jr2-1_, ,( % )/()/2—1))_ Yy’
BV =By +BY ==y + Y =V o m ) = T then

!

2_
Jri-1 vy’

v+ - y+ K,y=0ory '+ v

The equation has two independent solutions ]O(gy(s)) and No(gy(s)) . Jo 1s the Bessel

y'+ Ky,y=0, wheny > 1, y''+ % y'+ K,y=0

function, Ny Is the second kind Bessel function or Newmann function.
The plots of two functions are shown in the next page.



From the plot one can see that the oscillation decay
with the distance or time. It iIs a damping effect. This
s called the adiabatic approximation, because there

is no any median, the damping is only from acceleration. *

With adiabatic damping, the beam emittance scales as

Bessel function

AN

e X —, one can define a normalized emittance ey = [YeE.

VAVAY

Usually, i1t I1s used for comparing different types of
accelerators. Physically, adiabatic damping comes
from the following: a particle with momentum P, .
and the phase space coordinate (y,y'), after accelerating
the longitudinal momentum get a increase AP, its y ‘

Newmann function

IS unchanged, but its slope Is reduced a little

y' == =55y <y itisdecrease turn by turn.

Py — P _04;

AWAWAW
AR




Linear coupling(Z =385

Consider a single thin-length skew quadrupole with a strength k, it will
perturbate the particle motions over the x and y plane by the following

equations
o B ayr o B
Ax' = o ky Ay = Bo kx

To describe the linear coupled motion, we need skew 4 X 4

X

matrices, the vector is | * |, the matrix that describes the skew
y
yl
1 0 O O
O 1 -k O
d | t . M 10 0 1 O
quadrupole actionis Mgq = |~ = |




Cos2zv_+a, Sm2rv, PB.Sin2xzv, 0 0
: —y_Sin2xv Cos2nv_—a Sin2rv 0 0
M — X X X X X
The one turn map is Mo 0 0 Cos27v, +a, Sin2zv, f,Sin2zv,
0 0 —y,Sin2zv, Cos2zv, —a, Sin2zv,

The one turn map around the exit of the skew quadrupole is Mior = Msq M

This total map have 4 new eigenvalues et2™+ gEi2™- gnq

2Cos2mv, = Cos2mv, + Cos2mv,, i\/(CosZm}x — Cos2mvy, )% + k2, B, Sin2mnv, Sin2mv,, (15)

The real solution v4 requires k must be limited in a certain value, otherwise v+ have no real solution.
When v, + v, = n,n is the integer, Cos2mv, = Cos2mv,,, Sinvax —Sin2mv,,

k%B,.B ySin2mnv,Sin2nv, =0, v4 have no real solution. This is called the sum resonance, the stop band
width Is the distance with the integer part of v+ vy, or

= BBy

Vit Vy-N=2 Avgy,, Avg, = —
When v, — v, =n,nis the mteger, Cos2mv, = Cos2mv,, Sin2mv, = Sin2mv,, v; have the real solution.

But the amplitude will increase to k%S, + 1, this is called as the difference resonance.



Coupling coefficient and emittance beating

(e RS X E )

From the eq.(14), one can write it as v = T+ J + AvZ,,

Avgpis the stopband width, it is the minimum difference value of the two
eligen-tunes, sometimes referred to as the coupling coefficient.

The coupled x-y motion allows the two beam emittances &, and g, to
exchange. The unperturbed emittances are no longer constant of the
motion, the two emittance will exchange slowly near the difference
resonance, the beating frequency Is the difference of the two eigen-
tunes

—1. —1)2
V+_V_ :2\/(vx vj n) +A1/?b

Vyt+Vy (Vx—vy—n)?




Linear x-y coupling due to solenoid(M2%4% Bk 4 435 5)

Body field Solenoids are another important element that couple x and y. The equation
of motion in a uniform solenoidal field ByZ is given by myv = ev X B, Z,

. — €Bo o — _€Bo - P _ : _ eBo
SO Uy = 0 Vy, Vy = — =V, and vy = Kv),, vy, = —Kv,, with K = Y
Therefore x" = Ky' and y"' = —Kx'.
Let u = x + iy, then u”’ = —iKu', so u'(s) = u'(0)e s,
.u' (0 _: . .
and u(s) = u(0) +i Ig ) (e85 — 1) | Therefore one can get its transfer matrix,
| Sin KL 0 1-Cos KL
K K
0 CosKL 0 Sin KL
0 — 1-Cos KL | Sin KL
K K
0 —Sin KL 0 Cos KL

Note that this is not symplectic. We need calculate the contribution of the end fields, the
detalls see in Gang XU, PRAB, VOLUME 7,044001(2004)



The edge effect at entrance and exit are respectively

I 0 0 O 1 0 0 0
0 1%0 01—§o
0 OlOand 0 0 1 0
_5001 go 0 1

The total solenoid matrix is therefore

|
T
o

K

_KS 1+C  K(1-C0) S

—_— —_ 4 2 4 2

Msolenoid — MexitM(Llo)Mentrance— s 1-C  1+C S
2 K 2 K

K1-C) 5 _KS 1+C

4 2 4 2

C = CosKL,S = SinKL




Rotation(¥; &)

Rotation Is the transformation of x-y rotation

The rotation X = (%0 SN0 (=) y = (059~ 5n9) ()

And the angle X and Y’ are the same.

For the magnet rotation, the x —y motions are consisted of the
entrance and exit. At the entrance the coordinate rotates angle, at
the exit the coordinate rotates angle —0, so the total matrix Is

Cosé 0 —Siné 0

0 Coséd 0 —Sin @
Sin & 0 Cos @ 0

0 Sin & 0 Cos @

Trotate = R™ITR, in 4-D phase space, R is




T, O
It T 1s uncoupled with ( Ox T ) and T, and Ty, Is 2 X 2 maps then

y
(TxCOSZQ + T, Sin“6 —(Tx—Ty)SinQCOSQ>

—(T,—T,)Sin6Cos6 T,Sin*6 + T,,Cos*6
When T, = T,, the rotation does not change the map. For the thin

1 O 1 O
length quadrupole, T, = (_1 1), T,= (1 1),
f f

1 0 0 0

_Cos2t9 i Sin26

Trotate _

0

T f
Trotate — 0 0 1 0
Sin26 Cos 20

0 1

! /



Nonlinear resonance(JE£& 4 £ 1k7)

Nonlinear perturbations have no exact solutions in general. Consider a thin-length perturbation is
very weak, we can do some calculation.

Nonlinear 1- D resonanceLet us consider the nonlinearity give Ax" « x™, the equation of motion
will look Ilke — + vin = en™§(0), §(0) is a periodic & function with period 21T in 8. m=2 for
sextupole, and m=3 for

6(0)Sin™ vo

6(0) Cos™ vo’

Sin vO
Cos vO’

Nonlinear 1-D resonances driven by nonlinearities of varies order
XX means lowest order and strongest resonance, X means is driven

_

octupole, when €= 0, n~{ when € # 0 the perturbation ~{

dipole 1

quadrupole 2 XX

sextupole 3 X XX

octupole 4 X XX

decapole 5 X X XX

o4



Multiturn closed orbit(% F&l 7% )

In a linear system, multiturn closed orbit requires M™ = I, the tune
: K
vV must be an exact rational number, or v= — both K and m are

Integer. The situation change when nonlinearities are introduced.
Under this case, the orbit iIs depend on the initial condition, and It Is
not linear relation, i1t i1s nonlinear relation. The solutions may not be
unigue. More over, the multiturn orbit may be not a stable orbit,
this means around the orbit have no other particle except the ideal
particle self. For the stable orbit, it is a island on the phase space.
Different turns will lead to different islands. To get these islands one
can do particles tracking. The centers of the islands constitute the
multiturn closed orbit(COD)



Nonlinear coupling resonance(3E 2L 4

In a 2-D case, a resonance occur |

when myv, + my,v, = n, where m, 5\,‘

and m,, are integers. The order of

the resonance is given by

|m,|+|m,|. The figure shows the

resonances up to 8™ order. g e

One have to select the working " 5

point to avoid some resonance. In L

general, the integer and half integer o N gt NG

resonance must be avoided, and Ve e

then sum resonance, because the S N

beam will lose due to these ¥ =N

resonance. s il il
X Tune

56
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Chromatic effect(8 in

Dispersion function( & &% & 2X)
Momentum error (FE1==)

In the beam, the particles have different energy and also the momentum.
They have different trajectories in banding magnets, the momentum
deviation AP = P(1 4+ 9), theratiois 1 + 0.

Th tiois 22 = —B0_22 _ p2(1 4 &) for high ect
e energy ratio is 7= = 577 = B5( ), for high energy electron

machine E = 100MeV, y=100/0.51099891=195.695,8, = 0.999987, B2=
0.999974=1 s0 AE’?": Ap” =146

For the proton machine, for example CSNS, E=1.6GeV, y=1.7, B =0.808




Fquation of motion

According to eq.(3), the equation of motion with momentum deviation is

no_ p+x €5y x\2
X T (L tY) (16)
2
Keep the first order about x and 6 we can have @ >+ (— i) the right hand — will

p? ( )! ( )
drive the x-motion of an off-momentum part|cle |t IS Called horlzontal dispersion. Solve this

equation, one can set the solution x(si) = xg(s) + D(s)9, substituting in the equation one can
get D" + K, (s)D = S K L(s) = B0 + o7 the equation have the general solution D(s) =
c1 Sin(mvs) + c2 Cos(mvs) + ¢3, and c1, c2, c3 to be determined.
,AB(S')
XB(S) — fS+Ld VB(s)B(s’

2Sinmv

Cos(nv — |W(s") —W(s)]), this is the solution of eq.(13), c3 is
to be determlned

A simplest solution is x = D6, D is a constant, it means the orbit is a circle, the radius of the
orbit is proportional the beam energy.



High order dispersion(& /) £ 8 2% 29)

Let x(s) = xp(s) + D1(s)6 + D, (5)62 one can get D, (S) it is the 2"d dispersion, in
]prmcuo e one can get higher than 3™ dispersion. The 2" dispersion satisfy the
|Iowmcc:1 equat|on ) c

2
— —D = ——+(—+—=)D

Dispersion-free storage ring(7c & &8 & 1FEF)

A special case is when there Is electric field in the ring, the equation of motion as

dzx G 1 _ 1 _evsBy'l‘eEx . ~ o)
— + (Bp + pz) xX= 5 + —— the momentum error 9§, the velocity vs = v (1 + yz)’ Uso

is the designed velocity. Let B, = By, + Gx and set bending radius satisfying Z=

Py Pyvso’
eE,

keeping first order in x and 8, one can get x”’ + K, x = (% — 2)5 the d|sper5|on function

Povgoy

L 1 eE, eE VsoY? €Byo v
satisfies D" + K,D = = — _If we choose =% = =0 >0 so” , the storage ring will be
P PovsoY? Py 1+y2 Py p

dispersion free.
The ring consists of a set of high voltage plates surround combined bending magnets.



Calculation of dispersion function( &R EAITTH)

The 3 X 3 matrix formalism

Consider a separated-function storage ring, the bending radius of the sector
dipole is p, let the initial dispersion function D(0), D'(0),

D (s) satisfy the following equation D" (s) + Dp(f) = i, p is a constant, the solution is
Cos > pSin£ s

(D(s) ) _ P P (D(O) )+ p(1-Cosy)
p p

p
D

Introduce a vector | D' ], the transfer matrix can be written as a 3 X 3 map,
1

S . S S
D(s) COSE pSmE p(1— Cosg) D(0)
D'(s) |7 | —==sins cCoss Sin=> D'(0) |
1 p p p p 1

0 0 1



10
1 [ —

For a short sector bend, 6 = é « 1, the matrix can be written as 0 1 ; .
0O 0 1

The upper-left 2 X 2 is a drift space. It can be written as two drifts insert a
thin-length kick as

1 1/2 0N /1 0 O\ /1 1/2 0 z
(0 1 0)(019)(0 1 o) )
o o 1/ \0o 0 1/\o o0 1 )
m11m120>

The quadruple can be written as <m21 m,, 0
0 0 1

[
OO M
_ DN

calculating the betatron map.



General expression of the 3 X 3 map(3 X 3L STEI—REFRIA )

In general, if the 3 X 3 one-period map around position s is given as

miq1 My My3
Mmyp1 My Mpy3 |.
0 0 1

The dispersion transfer equation is | D'(s + L) |=( M21 M2z M3 || D'(s) |, the period condition

D(s+1L) <m11 my; m13> D(s)
0 0 1 1

. 1
require

D(s+ L)= D(s), D'(s + L)= D'(s), note that determinant m11 m22- m12 m21 = 1, one can get
D(S): Mmy3(1-Mmy3)+mMmy,My3 D’(S): M13Mp1+Ma3(1-1My4)
2—Mq1—Myo ’ 2—-mq1—My; '
This result can be used to calculate dispersion function at any position. Substitute
mqy1= Cosd + aSinp,m;, = fSind, m,; = —ySin ¢, my,= Cosd — aSind into the equation,

one can get
1 ¢ 1 ¢
D(s)= 3 (my3 + (@mas + BmysCot 3)), D'(s)= 5 (mas — (yms + amasCot 3)),
Where a, B,y are twiss parameters at s. Alternatively, one can solve m;3 and my3 in terms of D and D',




then we have

Cosd + aSind BSing (1 —-Cosdp — aSind)D — BD'Sind
—ySin ¢ Cosp — aSing yDSind + (1 — Cosd + aSind)D’
0 0 1
One can also get the transfer relation of the dispersion,
D(s>) D(sy)
D'(s,) |=M(sz|s1) | D'(sy) | and the transfer matrix 3 X 3 from s; to s,
1 1 ,
my1 My Dy —myiDy —mypDy
M(52|S]_) — mo1q moo Dé — m21D1 — mzzD],_ y
0 0 1

1+(X1(X2

where mq= %(Cosw + o, Siny), my, =/ B1LSiny, m,; = %Cosw— 0 Siny,

my, = %(Cosxp — a,Siny), Y is the phase advance from s; to s,.



-

Dispersion suppressor(GBEEBEL )

n accelerator design, the d|slpersi_on free section IS necessary for many
DUrpose, Interaction point, RF cavity, injection point for collider, insertion
device for light source. For light source there are DBA, TBA, QBA, 7BA,
VIBA structures to make dispersion free. In principal, using two banding
ma%nets, at least one gquadrupole magnets and enough drift space can
make both the dispersion and dispersion angle to 0, such structure can
be called dispersion su [?ressor. Let one quadrupoles between two
bands, the structure Is F 2, Lo, Q, Lq, By), the total transfer map Is

Cos0, p2SinB, py(1 — CosH,)

1 1 LZ 0
M=|—-—Sin8, Cos6, Sin®, 0 1 o)
Pz 0 0 1
0 01 1 .
COS\/ELCI \/—?Sin\/?Lq 0\/1 L, O CosB, p15in®; p;(1— Cos6,)
: 0 1 0| ——Sin®; CosO, Sin®,
—\/ESm\/ELq COS\/ELq 0 0 0 1 01

0 0 1 0 0 1



The initial dispersion (D, D}), the finale dispersion is (0,0), one can

solve the equation about (L4, L»)

L1 —

(p1Cos0y (VK(=Dy + p;) + DyCotVKL, — (DyVKp?

+ (DO—pl))Cot\/ELq)SinE)1 + p,(—VKp, + CSC\/ELqSl.TLez))

/(D(’)p160591 + (Do + p1)SinB,),

LZ —

CotVKL
Nre 14 p,CotB, — (C'SC\/ELCICSCOZ(—D(’,plCOSGJ1 + plpzx/ESin\/ELq

+ (Do - P1)Sin91)/‘/_p1

Usually, B; and B, are the same, the length of two drift are equal .1e.
L= L,, one can get the expression of L; and K in Dy, Dy,

P1,P2,91,and Lg,. They are too long and complicate, here omitted.




Momentum Compaction(zh = & 4g)

* Path length

* The particle with lower ener?% will have a smaller bending radius(E=0.3Bp), the
circumference of motion will be different to the ideal particle. The difference for a
sector dipole is AC = (p +ex)9 — pO = x0. For rectangular dipole, the path length

difference 1s AC = 2xTan —.

12"’

2 3

0 3
- 3
* Comparing x0, 2xTang, one can get the difference x (6 — 2 (9 + Q)) = x> itis

3 d S m a | | q U a ﬂ t | ty Particle Bending magnet

trajectory
.
Xy

* The change in circumference due to the &5
horizontal closed orbit distortion Is

_ £ Xcop(s) a
AL = 98 p(s) ds P |
It is the integral of all bends over the e

storage ring.




Momentum compaction factor(s)= £ 48 & +)

Due to the momentum deviation O of particle, the particle will have
a horizontal displacement, Ax(s) = 0 D(s), the total over the ring is

s = 5§20
p(S)

The momentum compaction factor a. I1s defined by

AC _ 126_ 1 5D

—=acdora.=<—= gﬁp(s)ds

In general, a,.>0. Sometlmes by special design a negative
momentum compaction lattice can be designed.



Achromat cell(E & &1 & 5T)

-

The most simple achromat cell is consisted of two bending magnets it Is
called as double bend achromat(DBA). A achromat cell start from and end to
D =0,D" = 0. More than two b_endm_ﬁ magnets can give more flexible
achromat structure, and the lattice will give lower natural emittance, more
bands much more lower, these structures are used in the lattice design for
light source accelerator. The detall will study In the lesson of lattice design.

A DBA consists of B, L, QF, L, B, where B is a bend with bending angle 0, L is
a drift with length L, QF i1s a horizontal focusing

. . L
quadrupole with focusing length f = y the B Lo b TEA L; B

dispersion at QF is Dor = LO. In practice, /\

a DBA cell 1Is more complicated, at least the .
defocusing quadrupole is necessary for stabilizing
the particle motion In vertical plane.

- - s R 5
=



Chromaticity( & &)

A quadrupole has focusing or defocusing force. Higher momentum particles
(6 > 0) have higher rigidity, and weaker effect due to magnetic field. We have
known dispersion Is the result of weakened dipoles. The similar thing for
quadrupole is that the betatron tune will depend on the momentum 9, keep
the first order perturbation,

Vi y(8) = v, ,,(0) + &, 8, where &, ,, are the chromaticities.
(In Europe the definition Is different!!!)
The equation of the motion(Eq.(16)) Is

" p+Xx eBy X\ 2 eBy 2x
— = 1+)~—=(1-6) (1+—
X p? Py(1+6) ( T p) Py ( ) ( T P) of
x" + K, x =24 (22 + G)xS,
P p Bp

5 . . .
SIS the dispersion term. K, term has a quadrupole error AK,, = -( 2 4L ) o



For the vertical plane, AK,, = —6 The effects should be integrated
for all quadrupoles

G 1 G
Ex,nat — fﬁdS Bx(s) p (s) (S)] ~ _Eids Bx(s) BLZ)’

term much less than B( )

the 205) omitted.

But for weak focusing ring this approximation should not be made.

1 G(S)
Ey,nat — Egs ds By (s) B_p’

they are noted by nat indicate they are the natural chromaticities.

The natural chromaticities are negative in both horizontal and
vertical plane, that Is because the focus force with higher

momentum Is weaker than on momentum. In contrast, tune shifts in
X and y planes from the quadrupole field error have opposite signs.




Chromaticity correction(t gu# 1F)

The particles have different momentum, it will lead to a tune spread &6(§=-30,
0=1%, €6=0.3) and further the particles will cross dangerous nonlinear
resonance. On the other hand, negative natural chromaticities will lead head-
tail instability, the nagetive chromaticities have to be corrected above 0 a little.
The way to correct chromaticities Is to use sextupoles. Unfortunately, sextupoles
will bring nonlinear effects for example dynamic aperture problems, people
have to do something to make the balance between chromaticity correction
and nonlinear effects. In order to correct the horizontal and vertical |
chromaticities we need the two-family sextupole. A sextupole magnet has fields
S

B, = Sxy:By — E(xz — yZ)’
2
where § = aa:;x s the strength of the sextupole.

An off-momentum particle passing through the sextupole has displacements
X =xg+ D.S,dy = ypg.B means the betatron component of the displacement,
which'is 0-independent. The fields seen by particles are

B, = Sxgyg + SypD8, By = g(x[? —¥5) + SxgD& + %DZSZ,



the term of D relative linear parts are
B, = SygDd, B, = SxzD3,

't shows that the sexupole must be placed at the position where D # 0.
they are quadrupole like terms.

§£ ds — ,Bx (s)D(s)6

()

Av ds — ,By (s)D(s)6

Y T an

Combined the natural and sextupoles chromaticityies, we can get

=——96ds B () + 52 = 5 D(S)]

- §ds By ()52~ 22 D(s)]




Dynamic aperture(z 7152 7L 12)

Consider a particle moving along the closed orbit with design momentum. If there Is no sextupole,
due to the natural chromaticity its momentum deviation must be less than a small value, in order to
Increase the acceptance of the momentum, sextupoles are adopted to decrease the chromaticities
In horizontal and vetical planes. The instability require the chromaticities must be above 0 a little.

This Is a contradiction, but we must accept it. Digital tracking in 6D phase space can seek the
dynamic aperture(DA). Some clever arrangements can increase the DA, for example, -1 structure,
the detall see in Gang XU, PRAB, 8,104002(2005),

The following picture shows some other different structure. il o
Unfortunately -1 is an approximation on the 2" order level, it is S s L i
based on thin length approximation. In the 3™ order it has e —
some remnants. Deal with the remnants one can use more - -1 >

sextupoles or octupoles even higher order multipoles. You e i f

can not do this infinitely due to limited space. e x|
More over, there are many thing affect beam motion for examples - I g

the oscillating perturbation from ground vibration, power supply —] | N +—

ripple, noise from RF, cooling water, etc. =
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