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Maxwell's Equations

» Differential form of Maxwell's equations

Gauss's law for electricity: V-E= 6%

Gauss's law for magnetism: V-B=0

Faraday's law of electromagnetic induction: V xXE = —aa—?

Ampere - Maxwell law: V x B = uopd + yoeoa—E

ot

» Scalar and vector potentials

E:—ch—%?, B=VxA

» Gauge transformation keep the electric and magnetic fields invariant

A=A+ VA, 4)’:4)—88/;
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Solution of Maxwell's Equations

» Taking Lorenz gauge V- A = —%3—";, Maxwell's equations can be cast into a
non-homogeneous wave equation
1 9%¢ 0 1 %A
Vp— S—— =-L VIA- S =yl
c2 ot? €0 c2 ot Ho

with ¢ = the speed of light in vacuum.

,/]/l 0€0
» Retarded Green's function of wave equation

R
Gret(r, ;1 1) = 47'[R5 (t—t'—c>, with R = |r —r/|

This represents a spherical wave propagating outward from the source point r’ at
time t/, arriving at r at time t = t' + R/ c.
» The retarded potentials of a charge and current distribution are

P r, tret 3
t) d’r
g(r.1) 47'[60 / + 4o

A(r, t) = ﬁ/J“};'“)d:‘r’Jer

with the retarded time given by tet =t — %

3/64



Solution of Maxwell's Equations
1 e

» For of a point charge one may expect ¢(r, t) = Zre; &+ but this is wrong.
» Reason: for each volume element V; of the charge distribution, we are to take p
at the retarded time t; .t = tj — R;/c, but since the charge is moving, it is in a

different place for each volume element V;!

(1)

:
r
i
‘
i
i
@' L n_
‘ ]
¥ [l
‘

o I n
|

Fig. 21-6. Integrating p(t — r'/c) dV for
a moving charge. 4/64



Liénard-Wiechart Potentials
» The correct result is (Liénard-Wiechart potentials)

e 1 e 1 B
plr.t) = drteg R(1—B-h)| . Alr. 1) = 4rteg c R(1— B - )

ret

ret

with the retarded time given by tet =t — g.
» The electromagnetic field is given by

E(rt)=-V¢- 9t 47eg T2R%2(1—

oA e h—p
B

ret

cB(r,t) =c(V X A) =h X E|ret

The second term of the electric field is usually referred to as the radiation field
based its O (&) dependence.

» The Doppler factor (1 — B - fi) makes the radiation field in the forward direction
stronger than that in the backward direction. When B — 1(-y > 1), the radiation
will be dominantly in the forward direction with an opening angle of %
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Heaviside-Feynman Decomposition

» We can also express the above result in another equivalent elegant form (Feynman
Lecture, Vol I, Eq. (21.1))

_ B JA _ e ﬁ(tret) R d ﬁ(tret) 1 d2ﬁ(tret)
E(r.t) = —V$— — [R2 +Cdt( e

ot 4rte 2  dt?

The first twos terms are of O (%) the third term can be viewed as as radiation.

» Take far-field approximation, the radiation field can be expressed as

2 2
E(r, t) ~ e 1 (d X(tret) A + d y(tret)‘)’}>

~— — R
4tegRo c? dt? dt?

Interpretation: it is the apparent acceleration of particle motion perpendicular to
the observation direction that determines the radiation field.
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Application of Heaviside-Feynman Formula to Bending Magnet Radiation
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» When B < 1 the radiation frequency is close to the particle revolution frequency.

» When f3 approaches 1 (relativistic), the radiation pulse become ultrashort, whose
frequency can extend to that much higher than the revolution frequency!
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Discovery of Synchrotron Radiation and Birth of Accelerator Light Sources

» The theoretical prediction was confirmed at GE's 70 MeV synchrotron accelerator
in 1947, and this type of radiation is thus named as synchrotron radiation. It
turns out to be a very effective way to generate high-brightness X-rays.

| t ,_ o .”_7:7 . o ml = ]

» Accelerator-based light source is a powerful tool. A good example is the
today-announced 2025 Future Science Prize: for prediction and realization of
topological electronic materials. In particular, the Weyl Fermion is experimentally
discovered at Shanghai Synchrotron Radiation Facility (SSRF) using ARPES.
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Radiation Characteristics from a Point Charge and a Particle Beam
» Single particle radiation

d2w 2w? 2

dwdQ 16713¢gc3

/ [ﬁ % (ﬁ « V)] eiw(t’—ﬁ?(t/)/c)dt/

—00

» What we learn: once the prescribed motion of electron is given, regardless of the
origin of this motion, either electric force, magnetic force, or gravitational force
(as long as the curvature of the spacetime itself is not significant), the radiation
property is determined. In classical electrodynamics, radiation can be viewed as a
geometric effect.

» For a bunch with N electrons, the superimposed radiation is

o . N WA =
[ etax fax (w0 ) | de
. ~

» What we learn: the radiation from a particle beam is determined by both the
reference electron prescribed motion and the beam phase space distribution.

2
d’>w e’w?

dwdQ ~ 1673€0c3
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Incoherent Radiation and Coherent Radiation

» For beam with a small angular divergence, the impact of the phase terms for
difference particles are much more significant that their velocity terms. Then

d?w d2w
= NZ[b(w)|?,
dwdQ |y dwdQ point
1 N opr 10
Bunching factor : = Z e M= — Z e i (5 sinf cos p+; s'"es'”¢+zf)

» For relativistic particles, the radlatlon is dommantly in the forward direction, we

can further simplify the bunching factor as the Fourier transform of longitudinal
charge density distribution

1 "’ ”
ble) = 7, 1 s = 7 pla)eiends

» Incoherent radiation: phase randomly distributed, (b(w)) = -

Ne
» Coherent radiation: radiation from different electrons add in phase, (b(w)) ~ 1

Normal bunch
VAV OB

Incoherent radiation P N,

Mlcrobunchmg

Coherent radiation P « N2
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Main Pursuit of Accelerator Light Sources: higher brightness, better
coherence, at ever shorter wavelength
» Brightness: density of photons in 6D phase space

5 AN,/ dt
o 4L LTy T, 0.1%Aw /W

» Coherence: phase relation between difference spatial and temporal parts of the
light. Usually divided into transverse (spatial) and longitudinal (temporal)
coherence

> Diffraction limited: £, = /02 . + (Tfyp, Y= 1/(Tf, e T (Tf, P

Ox,e < Ox,pr Oxl e < Oyl py €1 e < Z\Ti
» Fourier transform limited: AtAw > %
» Strategies to realize higher brightness:
> lower the transverse emittance of the electron beam (low-emittance ring)
> make the radiation become more narrow-banded (shape the electron trajectory, for
example undulator as the radiator, or shape the beam using laser)
P increase the number of photons radiated (shape the electron beam longitudinally,
microbunching, free-electron lasers)
» Other pursuits: ultrashort pulse, light with orbit angular momentum, etc
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Research Directions of Accelerator Light Sources

» Direction 1: Tailor the Electron Trajectory

» Bending Magnet as Radiator: Synchrotron Radiation
» Undulator Magnet as Radiator: Undulator Radiation
» Laser as Radiator: Inverse Compton Scattering

» Direction 2: Tailor the Electron Beam Distribution

» Longitudinal Microbunching & Coherent Radiation Generation
» Helical Microbunching & OAM Light Generation
» Beam Conditioning

» Direction 3: Radiation Acting Backing on Electron Beam

» Low-Emittance Storage Rings: balance of quantum excitation and radiation damping
» Low-Longitudinal-Emittance Storage Rings & SSMB
» Free-Electron Lasers
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Bending Magnet Radiation
» The spectral-spatial distribution of the synchrotron (bending magnet) radiation
d>w 32, ( w 292

2 2
asvw _ % w 1 242 K2 '77;(2
dwdQ) 167t3eoc7 wc) ( T ) [ 2/3(8) + 1+ 7262 i/3(8)]

. _ 3 3
with the characteristic frequency w. = %% § =20 (1+7262)2.
» The overall radiation spectrum

aw ey S w
dpdw  9mege” \ we
with S(a) = %a I dx’K% (x’) being a universal function.

4

1073 107! 10! =2 0 2
a Y6

» Opening angle % Broadband. o-mode (horizontal polarization) dominates.
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Undulator Radiation

» Prescribed motion of electron in a planar undulator

B, = Bysin(kys), s = vt v, = (1 — ﬂ) c, 1/4/ pormanan /
272 a | gl enroi e
Vg = % cos(kys), vz = v, — %2; cos(2kys) TA' kcitoean |
X = ;Iiu sin(kys), z = vt — 8";7;;“ sin(2kys), Lijﬁ 7/
with K = eBO being the dimensionless undulator parameter.

» Resonance condltlon. the radiation overtakes the electron for one or multiple
wavelength when the electron traverse in the undulator for one period

Radiation

A il Radiation
c=2 — A, cos0 = HAp /

Vz 1

1 4+ K2 /2 + 7262 \A B Electron
= Ap = , )
§ 29°H ! [+ u —|
Undulator

H is the harmonic number period
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Undulator Radiation Spectrum - Qualitative

» On-axis radiation bandwidth %J = HLNU for H-th harmonic. Opening angle —~—

v N,y

T T T
1} B

05 - =

field E(t)
I(w)/I(wr)

L L L
time t 0.8 08 1 14
w/we

» Typical overall radiation spectrum, including the off-axis redshifted part
2

1% 10
=0 = 1 mrad|

i —=0maz = 2 mrad
= 'maz
o i 0o = 4 mrad
X —0mae = 8 mrad
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Undulator Radiation Spectrum - Quantitative

» Planar undulator radiation
2
d>w ew?L?

Y sin (Nu7ten) (ngH + sin 26 cos q)DzH)

dwdQ — 167m3ec3 \ | f=y  Numey
2 o-mode nt-mode
2 sin (Nymey) . .
+ —————=sin20sin Doy ,
Hgl N” TeH I'st harmonic
_w w K? 202
EHZE_H_W(I—F?—F,YG)_H'
Diy=— Y, Jn-2mi1(Q) dm-1 (1) + Im ()],

m=—oo b) T
: &’\ 2st harmonic

Do =), Jn-2m(2)Im (1),
w . K L w K?
= —c sm9cos(pﬁ, n= ?cosem.

3st harmonic

» o-mode dominates.
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From Undulator Radiation to Wiggler Radiation
» Undulator K < 1, wiggler K 2 10
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Qualitative Comparison

ANEATN
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Bending magnet
: E radiation

Wiggler radiation

Undulator radiation
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Optical Laser as the Radiator: Inverse Compton Scattering

» Analog with the undulator’s sinusoidal magnetic field, we can use laser as the
radiator. This is called inverse Compton scattering (ICS) radiation source

|
i Scattered photon

E f E,

Relativistic electron

» For head-on collision, we have (note that the laser propagates at the speed of ¢)

_ 1+a3/2+26?

A
R 492H

AL
ap = 0.855 x 10*9/\L[‘um]lo% [W/cm?] a dimensionless laser strength parameter.
» Advantage: the radiation can extend to ever shorter wavelength such as ~y-ray
» Linear Compton scattering: ag < 1, single photon absorption, similar to undulator
radiation with K < 1
» Nonlinear Compton scattering: ap = 1, multiple photon absorption, similar to

wiggler radiation
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Research Directions of Accelerator Light Sources

» Direction 1: Tailor the Radiator Field or Electron Trajectory

» Bending Magnet as Radiator: Synchrotron Radiation
» Undulator Magnet as Radiator: Undulator Radiation
P Laser as Radiator: Inverse Compton Scattering

» Direction 2: Tailor the Electron Beam Distribution

» Longitudinal Microbunching
» Helical Microbunching & OAM Light Generation
» Beam Conditioning

» Direction 3: Radiation Acting Backing on Electron Beam

» Low-Transverse-Emittance Storage Rings & DLSR
» Low-Longitudinal-Emittance Storage Rings & SSMB
» Free-Electron Lasers
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Longitudinal Microbunching for Coherent Radiation Generation

» Radiation of N electrons

2 2
T =S M)
dwd beam dwd point
1 W 0o w
bw) =+ ) e 7€ :/ 0(z)e i¢%ds,
Jj=1 -
Microbunching
NAAAAA £
Incoherent radiation P N, Coherent radiation P Ng

» Incoherent radiation: phase randomly distributed, (b(w)) = N%

» Coherent radiation: radiation from different electrons add in phase, (b(w)) ~ 1

» Microbunching: bunch length or substructure's length smaller than the radiation
wavelength. Mathematically, it means the Fourier transform of the current
distribution should have non-vanishing value at the radiation wavelength

21/64



Laser is the Most Useful Tool for Electron Phase Space Manipulation
» Laser-electron interaction in an undulator:
E = —REpsin(wt — k.z + o)

dw L = KceEy
=ev-E=
dt

sinkyzsin(wit — kpz + o)

KceE
= — ;i/ 0 [cos(kyz + wyt — kpz + ) — cos(kyz — wit + kpz — o))

» In order for the first cosine term to deliver or extract energy systematically from
Vz

the electron, we need k,v, + kc — kv, =0 or &2 = k_kk which is impossible.
» The second term is nonoscillatory only when

v, k Ay K2
— = = AL = 2{)/2 (1+ 5 )

which is exactly the resonance condition for on-axis radiation.

» This is an extremely important result: the condition for sustained energy transfer
all along the undulator yields the exactly same light wavelength as is observed in
undulator radiation at 8§ = 0. This fact is the reason why spontaneous undulator

radiation can serve as seed radiation in an FEL as will be introduced soon.
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Building Blocks of Phase Space Manipulation

» Laser modulator
> Laser modulator for energy modulation (TEMOO mode laser)

0 =0+ Asin(k.z)

> Laser modulator for angular modulation modulation (TEMO01 mode laser, tilted
TEMOO laser, etc)
y' =y + Asin(k.z)
6 =06+ Akpy cos(k z)
» Magnetic lattice to realized the required transport matrix terms
» Magnetic chicane to convert energy modulation into density modulation

z =2+ Rs60

» Dogleg or dipole: introduce transverse-longitudinal coupling by D or D’

» You can think of /invent more
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High-Gain Harmonic Generation (HGHG)

» Laser inducted energy modulation convert to density modulation by a magnetic
chicane (L. H. Yu, PRA, 1991 & Science, 2000)

modulator

chicane radiator
T M s (NERREEED -
i
P il [l
T D il e
seed ID.]
beam
(a) ) (©)
] g >
! §i 2 2
£ £
gi | nE; £
c { c (=} — -
@ | ‘ g |
2 A o 1 2 2 1 0 1 2 5 5 % 1 >
Tim 0o Lo

» Frequency up-conversion of the seed laser. Roughly, n-th harmonic bunching

requires an energy modulation depth of nos. Single-stage harmonic number
limited to about 10.
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Echo-Enabled Harmonic Generation (EEHG)

» Two stages of "modulation + dispersion” (G. Stupakov, PRL, 2009)

m

seed 1

modulator 1 chicane 1 modulator 2 chicane 2

to radiator

(e)

microbunchas

(a) (b)

» Compared to HGHG, the required energy modulation depth is much smaller to
realize very high-harmonic bunching. 75-th harmonic bunching realized in
experiment.

25 /64



Phase-merging Enhanced Harmonic Generation (PEHG)

» Transverse-longitudinal coupling (D generated by the dogleg) dynamics is invoked,
like a partial transverse-to-longitudinal emittance exchange at the optical laser
wavelength range (Deng & Feng, PRL, 2013)

Beam Seed laser

(b)
Dogleg

Chicane

TGU modulator

15

05 0
e/n

» This technique requires a small transverse emittance.

05 1
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Angular-dispersion Enhanced Microbunching (ADM)

» Spirit similar to that of PEHG, but use dispersion angle D’ to introduce the
transverse-longitudinal coupling (Feng & Zhao, Scientific Report, 2017)

Optical pump EUV/X-ray probe

¥

Femto-second
seed laser@260nm
X z -

» A small transverse emittance is required.
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Angular Modulation Induced Microbunching
» Similar to HGHG, but replace energy modulation with angular modulation, Rsg

replaced with Rs4 (Xiang & Wan, PRL, 2010)

Laser, @ Radiation, 1nep

L\ .
1 11

Maodulator Radiator
20 (a) 20| (b)

~ 10 ~ 10

K g

2 0 A

>0 =10
-20 =200
400 200 O 200 400 400 200 O 200 400

s (nm) s (hm)

» This technique also invokes transverse-longitudinal coupling dynamics, and
requires a small vertical beam divergence.
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Emittance Exchanged-based Microbunching

» Longitudinal microbunching can be produced using a transverse mask +
transverse-to-longitudinal emittance exchange. And for even higher harmonic
generation, one more stage of HGHG can be added (Jiang, et al., PRL, 2010)

MaSkDipo]e . Undulator Chicane
f) H 5 Mirror
| :[Iﬂ]l]]]] I/II\IZ4
e
2 = TR To Radiator
Modulatorl =
| | Laser Modulator 2

1.199

1.2

E (GeV)
E (GeV)

X' (mrad)
E (MeV)

1.201
.5 0 0.5

2 ()

z (mm)

X (mm)
P A special case of transverse-longitudinal coupling. Phase space evolution after
emittance exchange shares some similarities with that in EEHG.
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Laser Manipulation for Coherent THz Generation

» Beating laser modulation: two lasers with close wavelengths, beat at THz

o 10
ss/}»1 s/?»1 s/?»1 s/}»1
» Laser pulse train modulation: the envelope of pulse train is at the THz

wavelength (Zhang, et al., PRAB, 2017)

(b)
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A Non-exhaustive Summary of Microbunching Techniques

Laser-electron-
undulator interaction

HGHG

EEHG
W
Enhanced
nnnnnnnn HGHG -
HGHG
N
HGHG
W EEHG
e W [ ’
—»-1/'_'\|—-—I/'_I\I— saaese AN
buncher
Wi buncher
Adiabatic -
trapping
PEHG | 3 ]
or ADM
AoM ‘
Chicane Angilar ey

I‘ ‘ I modulation

Angular
modulation
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Light with Orbit Angular Momentum
» A Lauguerre-Gaussian laser beam with phase term e~ ¢ has well-defined orbit
angular momentum (OAM) of J, = Ih per photon (Allen, et al., PRA, 1992),
where [ is the azimuthal mode index and is called the topological charge

c var) 2r? 2 ikr?z . (2 :
upy(r, ¢, 2) = \/ﬁ (ﬁ) Li, (w%z)) exp <7W2r7<z)) exp <72(zzrﬁ%)> exp {1(2p+/+1)tan 1 (Z—’?)} exp (—ilg)
B
Jzeo/rx(ExB)dr

» Characteristics: a wavefront shaped as a helix, phase singularity at the center,
donut-shaped intensity distribution (necessary but not sufficient, phase is the key)

Wave front Phase Intensity

@ mno-
@ =n-
W eE-
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OAM Light Generation

» Conventional OAM light generation:
» Spiral phase plate, diffraction mask, mode converter optics

oo ER &

ﬁg 1. Sketch of the spiral phascplate.

» Particle accelerator-based approaches:
» Tailor the electron trajectory: electron in helical motion
» Tailor the electron beam distribution: helical microbunching
» Radiation acting back on the electron beam: FEL-mode selection based schemes
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Radiation of Electron in Helical Motion

» The photons of n-th harmonic carry nh total angular momentum (spin angular
momentum + orbit angular momentum) for each

E= Ece. + Eje, + E.e,
_E-iE, L EtiE

/2 et /2 e_+ Eye;
& [ i(Cycos® — Cp) eifotikRi(n—1)¢ i(CycosB + Cp) eftotikR+i(n+1)g
= e + e_
n=1 \/5 R * \/§ R
eito-+HikR+ing
—ngsinQ#ez}

» Astonishing that it is not analyzed before until only recently (Katoh, et al., PRL,
2017). Trust me, you're capable of deriving this also!

» Question: where does the angular momentum of the radiated photon come from?
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Electron in Helical Motion for OAM Light Generation

» High-harmonic helical undulator radiation (Sasaki & McNulty, PRL, 2008.
Bahrdt, et al., PRL, 2013 )

helical planar
gl )i
G]‘ ii' ﬁﬁ% pinhole s
phase shifter

e-trajectory

» ICS with a circularly polarized laser (Jentschura & Serbo, PRL, 2011, Taira, et al,
Scientific Reports, 2017)

) (@n=1 b)n=2
Emitted photon

Unitvector
Electron | S0 =e
Initial position, Incident circularly polarized laser
(xo, Yo, 20)
y
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More Sophisticated Helical Motion and Other Ideas
» ICS with two-color circularly polarized lasers (Taira & Katoh, PRL, 2018, Jiang, et
al., PRL, 2025), and similarly helical undulator with multiple harmonics

e 2. Lep - © < E==5
g
AL@" ________

yr
e i m "
© o0s "
. 2
z . w0 0 ® o
5 o ® < s
= = pon 5 M
. I ©_ §
© B . 0 N N
o 10°

2 ) 2, ) 1 yem2 % cm)

x (em) 10 Py

» ICS with an incident laser with OAM (Petrillo, et al. PRL, 2016)

OAM x-y rays

OAM laser pulse

Electron beam
<33 screen

source
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Helical Microbunching for OAM Light Generation

» Can we shape the beam distribution but still generate light with OAM at the
fundamental frequency? The answer is yes. To generate OAM light, what we
want is to let £(w) has a phase term of e /%, Then for a long helical electron
beam (N, electrons per A;), we have the superimposed radiation field

x = rsin(kyz), y = rcos(k.z), { =k z,
1 [2n o . . .
E — N.E.: —l(rsmecosqysmg-&-rsm95|n¢cos§+§)d
(wL) e smgle(wL) 27T /0 € g / / / l

1 2
= NeESingIE(wL)EA e—l(rsm65|n(§+(,17).4.§)dg

1 2m ) L .
= NeEsingIe(wL)izn /0 Z J,,(—rsm Q)el(n l)g-‘rln‘Pdg
n=—00

= NeEsingIe(wL)Jl(—r sin G)eicl)

> Key: the particle transverse and longitudinal coordinates should be correlated in a
helical pattern. For quantification of this helical microbunching, we can generalize
the bunching factor definition to be b(k, /) = - Ye; e~ /(kat/¢1)

» Question: where does the angular momentum of the radiated photons come from?
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Helical Microbunching Generation

» General idea: helical energy modulation + dispersion = helical microbunching

» Modulation method 1: helical undulator + TEMOQ laser resonate at high
harmonic (Hemsing, et al., PRL, 2009 & Nature Physics, 2013)

Laser Chicane
Planar

a

Q ) undulator
ebeam 04
Helical & & OAM o2
undulator [ aser @ S E o
dume Helically iy “’ 02
modulated fFI"EY 04

e-beam . Sli
Cameral

Camera 2 .

» Modulation method 2: planar undulator 4+ LG laser modulation. For two stages of
this, we have echo-enabled helical microbunching which can extend to OAM light
generation with shorter wavelength (Hemsing & Marinelli, PRL, 2012)
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FEL-mode Selection-based OAM Light Generation

» Transverse staircaselike phase pattern for incident laser (Ribi¢, et al. PRL, 2014).
Different transverse part microbunches at different longitudinal position (resemble
a helical microbunching structure)

Input seed Dispersive Output FEL
PHASE MASK MODULATOR ~ SECTION RADIATOR
[ eb
| “Tanl | ®
f RRR,

LENS

Modulation Laser Transverse Microbunching Transverse Radiation Profile Evolution

mmmmm

» Wavefront shaping during FEL gain process (Zhou, et al., PRL, 2025)

a
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Other Beam Conditioning Techniques (ref. Hemsing, et al., RMP, 2014)
» Emittance exchange (figure from XIANG Dao)

R

& .
Beam line
dipole
/ transyerse cavity \ |

apoe J— ] /o

transverse cavity

Shaping longitudinal distribution
with transverse mask

quadrupole

dipole / —H—Hl y\

transverse cavit,

Cornacchia and Emma PRST-AB, 5, 084001 (2002);

234801 (2010); Ruan et al PRL, 106, 244801
Emma et al., PRST-AB, 9, 100702 (2006); (2011); Piot et al., PRST-AB, 14, 022801 (2011);

Jiang et al., PRL, 106, 114801 (2011)

Xiang and Chao, PRST-AB, 14, 114001 (2011)

» Femtoslicing in storage rings, and attosecond pulse generation in FELs (shorten
electron-beam lasing part to attosecond range)

femtosecond

[ I x-ray beamline 1
laser pulse -
? mirror 1
N \ femtosecond x-rays
bend magnets "
30 ps electron bunch
(a) (b) (c)
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Research Directions of Accelerator Light Sources

» Direction 1: Tailor the Radiator Field or Electron Trajectory

» Bending Magnet as Radiator: Synchrotron Radiation
» Undulator Magnet as Radiator: Undulator Radiation
P Laser as Radiator: Inverse Compton Scattering

» Direction 2: Tailor the Electron Beam Distribution

» Longitudinal Microbunching
» Helical Microbunching & OAM Light Generation
» Beam Conditioning

» Direction 3: Radiation Acting Backing on Electron Beam

» Diffraction-limited Storage Rings
» Steady-State Micro-Bunching Storage Rings
» Free-Electron Lasers
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Radiation Acting Back on Electron Beam

» Relativistic (8 ~ 1) Larmor formula of radiation power
P« EZB3

» Overall radiation loss per particle per turn in a storage ring
Uo x ESBy

» Radiation damping: high-energy particle tends to loss more energy
» Quantum excitation: quantum/discrete nature of the emitted photons

8 oy 1l 5> o 55 237’
= ——u., (U°) = —us, Uy = ——=ah“c’——=
153 © () 27°°¢ () 24+/3 lo|3

> Note that it is N'(u?), instead of N ((u?) — (u)?), that determine the quantum
excitation of beam emittance. The reason is that the radiation is a Poisson
process. Campbell's theorem.

{u)
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Electron Storage Rings (Deng, et al., NST, 2025)

» Courant-Snyder invariants of particle motion in a storage ring

(SX)TT;SX  (x— Dxd)? + [ax (x — Dxd) + Bx (' — D}6)]?

J = 3 = 2Px
2
Jy = (sx)7TySx (v - Dy8)* + [y (y = Dyd) + By (' — Dy9)]
n= 2 = 2B, !
Iy = (SX)TTySX _ (2+ Dyx — Dxx' + Dy — Dyy')> + [az (2 + Dix — Dux’ + Dy — Dyy') + p6]°
= 2 N 2B2 '

» Equilibrium emittances given by the balance of radiation damping and quantum

excitation
o= ) = S0 B ey = ) = 0 f B o = S B e e
b= 7( p%ds, lax = % Dy (1 *32n) ds, Isxy = % f:—‘;ds, Isy = ?{ r:—“gds, Is, = % %ds
Hxy = ﬁé’s” _ Df,er (a’x,«VL;::Vy* ﬁx,yDL,y)Q’ a) = Z(JTC:)-IXy ay = ZU?(:)JY’ = JZ Jy=1— "ILX Jy=1 =2+ IZ<

» < special relativity
» h: quantum mechanics
» Courant-Snyder optical functions: classical/Hamiltonian mechanics/sympletic matrix

analysis/normal form analysis
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Theoretical Minimum Horizontal Emittance
» Evolution of H, in a bending magnet:
Hy(o) = Bhs(a) = 2|Ejs(a)|? = 2| (B(a)E;(0))5 |2

2 2
) <\/ﬁjO (sina+ Dyo) + \/Ix% [Dxo —p(1 - CoStX)]> + (DXO _f/(;T_OCOS“)>

» The minimum emittance is realized when in each bending magnet center we have

99 ;
o =0, By Ni 0~ , Do =0,
0 Bxo &~ Z\ﬁ

and the theoretical minimum horizontal emittance is (Teng, 1984)

2 3

0% 0
omin = Cg e
Sxmin =S4T 0 /15

with Cg = 3.8319 X 10713 m for electrons.

€x,min[nM] = 31.6EZ[GeV]6>[rad].
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Low-Transverse-Emittance Storage Rings

vy

v

vvyyy

TME lattice: minimizing the average ,Bé’él'”l (Hx) in the bending magnet

From DBA lattice to MBA lattice: increase the number of bending magnets to
decrease 0, thus to lower beam emittance

Longitudinal gradient bend: more quantum excitation at places where ,Bé’_rf"’” are
small, and less excitation where they are large

Transverse gradient bend: damping partition

Robinson wigglers: damping partition

Reverse bend: more radiation damping

Damping wigglers: more radiation damping

Refer to the talk of Prof. BAl Zhenghe for more details
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Theoretical Minimum Longitudinal Emittance
» Evolution of B, in a bending magnet:

Bz () = Belg () = 2[Eys(a)[* = 2| (B(a)E (0))5

2
= (Si"“\;‘[%on +p(1 — cosa) \/;LD/O +V/Bzo —p (—a +sina) %)

Dlo+p(—a+sina)

2
1 1 1
+ [ —sina—=—=D,0 — p(1 — cosa) —— — .
< V B-o vV B-0 vV Bzo

» The minimum emittance is realized when in each bending magnet center we have
LA

' x0 ~ ’
120V/7 40
and the theoretical minimum longitudinal emittance is (Zhang, et al., PRAB,
2021. Deng, et al., NST, 2025)

20:01 ,820% D)I(Ozoy

2 93
- 0
€z,min = Cqg———=.
' 7J, 60v/7
with C; = 3.8319 x 10713 m for electrons.
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More Practical Minimum Longitudinal Emittance

» |t is difficult to make the optimal conditions satisfied in all bending magnets. A
more practical way to realize small longitudinal emittance is to letting each half of
the bending magnet is isochronous (Deng, et al. NST, 2025)

Kz :Ov 20 y
0 Pz0 124/210

» An example evolution of B in the magnet for p =1 m, 0 = § with a € ¢ =]

p93 p92 , 2 93
Do~ -F Dly=0, e;miniso = Cqr-——.
0 2% x0 0 €2 min,I1SO Cq Jz 6\/%

for the two cases is shown below

Bz (m)

0.0008

0.0007

0.0006 -

0.0005 7

0.0004

0.0003 A

0.0002

0.0001

—— optimal
—— practical

ale
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Steady-State Micro-Bunching Storage Rings (Ratner & Chao, PRL, 2010.
Tang & Deng, Acta Physica Sinica, 2021)

» Microwave replaced by laser, bunch length shrinked by 6 orders of magnitude

» High-repetition high-power coherent radiation, with wavelength ranging from THz
to soft X-ray

Synchrotron Radiation Free—Electron Laser

\Z’" ’/&

| ]
[

Incoherent radiation P < N, , B Coherent radiation P « Ng
High repetition Sepz . E), - Low repetition
Low peak power » » High peak power

Coherent radiation P o N2
High repetition
High peak power
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From Longitudinal Weak Focusing to Strong Focusing, to Generalized
Longitudinal Strong Focusing (Deng, et al., NST, 2025)

» Longitudinal weak focusing (LWF): —

Radiator

limited by the lower limit of reachable — e
phase slippage factor of the ring, the «
St

lower limit of the bunch length is tens

of nanometers 5|_. Som
» Longitudinal strong focusing z '
(LSF): nm microbunch can be -_ \ / —
realized, but the required modulation LsF ssuB
laser power is in GW level
» Generalized longitudinal strong o
focusing (GLSF, Li, et al., PRAB, | -

2023): transverse-longitudinal S p— —
coupling dynamics is invoked, “
ultrasmall vertical emittance in a o |

planar storage ring is exploited 0m
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Echo SSMB (Deng, Pan, Zhao, Li, Chao & Tang, 2025, submitted)

» Issues of GLSF: IBS and nonlinear transverse-longitudinal dynamics, both due to
the fact that the laser modulators are placed at dispersive locations

» Solution: Echo SSMB
» Laser modulator placed at dispersion-free location, but a microbunching scheme
requiring much smaller modulation laser power compared to HGHG in realizing
high-harmonic bunching — EEHG

» To do echo turn-by-turn in a storage ring — reversible modulation

Isochronous achromat

1

Isochronous achromat

@) @)
R56 7R56

Rad Rev Mod2

Rev Mod1
J

I
Reverse EEHG

Parameter Value

Circumference |~ 300 m
Energy ~ 600 MeV
Current <1TA
Wavelength 5-100 nm
5o 1w
Zzﬁt?geﬂu)x > 10"3 phs/s
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Another Important Example of Radiation Acting Back on the Electron
Beam is Free-Electron Lasers (FEL)

» From undulator radiation to free-electron laser

1000

100:
Coherent P o NZ  Microbunching is the key

pulse energy [pJ]

Undulator

2 4 6 8 10 12 14 Electron Gun  Linac Linac

Coherent
Radiation

e ]

Bunch
Compressor

Incoherent P o« N,

51/64



Physical Picture of a High-gain FEL
» Electron-Undulator-Radiation coupled system:

> laser/radiation electric field drives electron beam energy modulation
» energy modulation converted to density modulation to form microbunching

» microbunched beam drives coherent radiation
”\@ /

o
°

o
2
°
2
N
2
£

g

3FELbuckets  z=02Lgo

-
relative energy deviation
o

relative energy deviation 1
°
relative energy deviation n

&
2

-0.01

-0.01

relative energy deviation n

s
Y
8
R
=

norm. charge density pn
o
E
(|

n
3

n

norm. charge density pn
norm. charge density pn
5
»
norm. charge density py
o

~

B}

o

h Ak

- 0 E n
ponderomotive phase y ponderomotive phase ponderomotive phase y ponderomotive phase y

°
o

» Figures from Schmiiser, Dohlus, Rossbach & Behrens, Springer, 2014.
» Refer to the slides of Prof. LIU Tao for more details about FEL physics.
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Electron and Radiation as a Dynamical System (Chao Textbook, 2020)
» For this purpose, let us add a co-propagating laser inside the undulator. Then
they interact in the undulator:
E = —REpsin(wt — k.z + o)

M:e?-f: Kceky

sinkyzsin(wit — kpz + o)

Kceky

= — >y [cos(kyz + wyt — kpz + ) — cos(kyz — wit + kpz — o))

» In order for the first cosine term to deliver or extract energy systematically from
the electron, we need k,v, + kc — kv, = 0 or "z = k_kk which is impossible.
» The second term is nonoscillatory only when

kg oM (1 K
c  k+tk, Tt 292 2

which is exactly the resonance condition for on-axis radiation.

» This is an extremely important result: the condition for sustained energy transfer
all along the undulator yields the exactly same light wavelength as is observed in
undulator radiation at & = 0. It is the reason why spontaneous undulator
radiation can serve as seed radiation in an FEL.
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Ponderomotive Phase

» It is customary in FEL physics to call the argument ¢ of the second cosine
function the ponderomotive phase

¢(t) = (kL + ku)Z(t) —wyrt— lpo .

So

W ev-E = Keeko cos i
dt 2y

» The ponderomotive phase 1 and electron energy J are both dynamical variables

Y = (kyv, —wp + ki)t + o

5=""T 15 <1
r
» The rate of change ¢ is
d
d—f ~ kyv, —wi + ki v,
With 7 & 7,, it follows that 7, ~ c [1 — 121 - 25)}  from which we have

d
d—f ~ 2k,cé.
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The FEL Pendulum Equations

» The rate of change of electron energy (for better comparison with the
mathematical pendulum, we have shifted the zero phase definition of )

dé 1 dW KceEy .
dr vrmc? dt - _2'ygmc2 sing.
» Combining what we have so far,
dw ~ 2k,co, d = —esiny
dt
with € = 550,

n = (W-Wi) / W,

o
K ;”’ @
- AINE

o

&&5

B

| 1

phasea— v+ /2 phase ¢ = ¥ + 7 /2
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Maxwell-pendulum Equations

» To describe the laser-electron-undulator system in the high-gain regime, we need
to establish a set of coupled Maxwell-pendulum equations.

» The laser field is driven by the microbunched beam with a varying (exponentiating)
bunching factor <= Maxwell equations.

» The increasing laser field continues to microbunch the beam < the pendulum
equation.

» To describe the coupled equations, we first introduce three dynamical quantities
[Bonifacio/Pellegrini/Narducci, 1984]
bunching factor B = (e %)
energy bunching factor D = (Je™'¥)
laser field amplitude £

The Maxwell-pendulum equations couple these three quantities in one dynamical
system.
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Derivation

FEL pendulum equation,

dp 5 Kek
E ~ 2ku 5, E = €S|nl/J € 2,)/ng2
s ds

dD wdé _di
i e N s &
<e il 5>
(e7 ¥ (—esiny) — ie”¥2k,6°)
~ (e~ '¥(—esin 1)) (dropping the second order term o 62)
—€ . eK

We still need a third equation for % . Physically this change in laser field comes from

radiation from the microbunched electron beam.
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Derivation Continued

In the one-dimensional approximation the equation for the x component becomes in
complex notation

_ 19\2 [/93)? 1 /0 —iw .
Maxwell equation [(c&t) — <85> ] &= o2 <8t> ~ eoc? {Ux)

2K
current density j, = envy, = —enc— sin (ks)
[ densit N
volume density n =
Y=y

L, = bunch length, % = cross section area of electron beam

assume solution (s, t) = E(s) exp [i(kps — wyt)]

[—2ik E(s) — E(s)"] = fw enc%f(sin P)

€0C2
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The coupled linear equations
Slowly varying amplitude (SVA) approximation

d& ' 2K
keep only slow terms = 2/kg ~ elgac)z enc7<sm P)

d& eKN
dd a fact — ——
add a factor [JJ] = i~ ' 2egyLy [JJ|B
We finally obtain the coupled linear equations

dD . eK
ds 2’y mc? 1€
dB
— = —2ik,D
ds I
dé . eKN

ds ~ 2eqyLz B

Interpretation:

» laser/radiation electric field drives electron beam energy modulation

» energy modulation converted to density modulation to form microbunching
» microbunched beam drives coherent radiation
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The Cubic Equation of a High-gain FEL

» Let any one of the three quantities be represented by X. Equation of motion for

X is 3
d>X eK eKN
— = (—2ik ——|JJ —i— ]| X
ds3 (—2ik) <I2’y%mc2[ ]> ( 1260’)’LZZ[ ]>
troK2kyN . 5
= —j—— X
i 2030 [JJ]
This is the famous cubic equation for a 1-D FEL. [Bonifacio/Pellegrini/Narducci
(1984)]
. K2 _ : .
» Define ”207’;&%/\/ [JJ)? = (\/51_@ 5, Where L is the gain length of the laser power.
The three independent solutions of X are given by
z
X1 =exp | i—=— ] oscillatory solution
' P ( \/§LG> Y
Xy =e ( iz z > damped solution
=exp | —i —— uti
2 P »3le 2lc P
X3 = ex <—i z + Z) exponentially growing solution
3 P i3le | 2Le P yg g
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Analytical Solution of the Cubic Equation

» After a beam is injected into the system, starting with initial conditions
B(0),D(0),£(0), the system evolves with time. After some distance, all three

quantities will be dominated by the solution X3 ~ exp <ﬁ> which means

Laser power ~ |E|? ~ exp (i>
Lg

» The exponential growth cannot continue indefinitely. The exponentiation ceases
and the laser power saturates when the bunching factor reaches 1.

pulse energy [uJ]

1000+
100+

104

"

/P(0)

power gain P(z)

hird-order equation

i e e
equations

position in undulator z/L 4o

61/64



Seeding

» The exponential growth, however, requires an initial condition to set it off. Had
B(0),D(0),£(0) been all zero, there will be no FEL growth.
» (0) # 0 = the injected beam is initially microbunched in its longitudinal
distribution, even if only slightly.
> D(0) # 0 = the injected beam is initially microbunched in its energy distribution,
even if only slightly.
» £(0) # 0 = there is an injected laser with the resonant frequency, even if weakly.

> A special case with B(0) # 0 is when a nonmicrobunched beam is injected
without a laser. A nonzero value of B(0) comes from a statistical noise in the
beam distribution. This amazing possibility, easiest to achieve, yielding a robust
facility of brilliant X-ray laser source, is what is currently employed at LCLS. This
scheme is called Self-Amplified Spontaneous Emission (SASE).
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Summary: Accelerator Light Source is an Versatile and Active Research
Ground

» Direction 1: Tailor the Electron Trajectory

» Bending Magnet as Radiator: Synchrotron Radiation
» Undulator Magnet as Radiator: Undulator Radiation
» Laser as Radiator: Inverse Compton Scattering

» Direction 2: Tailor the Electron Beam Distribution

» Longitudinal Microbunching
» Helical Microbunching & OAM Light Generation
» Beam Conditioning

» Direction 3: Radiation Acting Backing on Electron Beam

» Diffraction-Limited Storage Rings
» Steady-State Micro-Bunching Storage Rings
» Free-Electron Lasers
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